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Does Math Form the Foundation for Science?  
Causality Evaluation With Fuzzy Statistical Analysis

Wentsung Lai1 and Hsin-Chih Lin2*

1Jenteh Junior College of  M edicine, Nursing and M anagement, Miaoli County, T aiwan
2Research Center f or Education Systems and Policy, National Academy f or Educational Research, New 

T aipei City, T aiwan

ABSTRACT
This paper used a transfer function to evaluate the causal relationship between Science and 
Mathematics using interval scores from the 12-year basic education program in Taiwan. Our 
sample comprised 1,922 graduates from the same junior high school over the period from 
2008 to 2013. Through the application of  fuzzy theory, we developed a new model to describe 
the fuzzy correlation between Science and Mathematics. The results of  the empirical study 
strongly indicate that knowledge and skills in Mathematics do indeed form the foundation of  
science learning.

Keywords: causality evaluation; transfer function; Mathematics; Science; interval scores

1. Introduction

In 2011, Taiwan of f icially implemented 12-year basic education (Ministry of  
Education, n.d.). In its first years, problems arose due to the lack of  planning and 
relevant empirical research. Nonetheless, there are many questions to be answered, 
which require respective endeavors from a wide academic circle. This study focused 
on Mathematics and its place as a mandatory part of  the current education system. 
Students and parents find themselves asking “Why is Mathematics mandatory? Is it 
because Mathematics is the basis of  science?” This study sought to provide empirical 
evidence for the emphasis on Mathematics above all other examinable subjects.

Sadler and Tai (2007) found that years of  instruction in Biology, Chemistry, 
and Physics were only significant as predictors within their respective disciplines. 
No signif icant cross-disciplinary ef fect was f ound among the three science 
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346 Lai and Lin

disciplines. However, years of  Mathematics instruction was found to be a significant 
predictor of  performance across all college science subjects, including Introductory 
College Biology, a discipline not traditionally associated with strong Mathematics 
preparation. The transfer function comprises both time series prediction and the 
verif ication of  causality (Wu, 2013). In social science research, fuzzy correlation 
coef f icients have gradually received increasing emphasis. Previous studies have 
investigated methods of  calculating correlation coefficients (Lin, 2004), the extension 
principle proposed by Zadeh (1978), and adopted the recommendation (Hsieh & Wu, 
2012; Hung & Wu, 2007).

2. Methods and framework

We developed a new model to describe the fuzzy correlation between Mathematics 
and Science through application of  a transfer function using interval scores. In the 
first step, we collected the 17-stage Mathematics and science exam scores of  1,922 
graduates of  the same junior high school for the period from 2008 to 2013. In the 
second step, we selected two original scores to define the interval fuzzy scores. The 
third step involved calculating the fuzzy correlation interval (Hung & Wu, 2006; Wu & 
Hsieh, 2010). This was used to develop a new model, which was then further evaluated 
using the transfer function. Statistical software MINITAB 17.0 was used to analyze 
the data. Figure 1 presents our research framework.

2.1 Interval fuzzy scores

Definition 1. Student performance interval fuzzy scores. Let interval number 
[m, n] represent the student performance interval score, where m and n represent 
two different test scores for the same student, and m ≤ n.

2.2 Construction of  fuzzy correlation model 

The correlation coefficient is a commonly used statistics that presents a measure 
of  how two random variables are linearly related in a sample. The population 
correlation coefficient, which is generally denoted by the symbol ρ is defined for two 
variables x and y by the formula:

 ρ = 
σX , Y

σXσY
 = 

Cov(X , Y )
σXσY

. (1)

In this case, the more positive ρ is, the more positive the association is. This also 
indicates that when ρ is close to 1, an individual with a high value for one variable 
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347Does Math Form the Foundation for Science

will likely have a high value for the other, and an individual with a lower value 
for one variable will likely to have a low value for the other. On the other hand, 
the more negative ρ is, the more negative the association is, this also indicate that 
an individual with a high value for one variable will likely have a low value for 
the other when ρ is close to -1 and conversely. When ρ is close to 0, this means there 

Evaluation of  causality using fuzzy statistical 
analysis

↓

Empirical study evaluating the role of  math in 
science learning

↓

Collection of  monthly Mathematics and Science 
exam scores for the period 2008–2013

↓

Selection of  two Mathematics and Science scores 
to define the interval scores:  

Mathematics as [ai, bi], Science as [ci, di]

↓

Calculation of  the fuzzy correlation interval 
(Hsieh & Wu, 2012; Wu, 2013)

↓

Defuzzification: xf  = c + 
��X ��

2 × ln�e + ��X ���

↓

Evaluation of  proposed model using Equation (7)

↓

Evaluation of  causality by using a transfer 
function with defuzzification scores

↓

Conclusions and suggestions

Figure 1. Research framework.
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348 Lai and Lin

is little linear association between two variables. In order to obtain the correlation 
coefficient, we need to obtain σX

2, σY
2, and the covariance of  x and y. In practice, 

these parameters for the population are unknown or difficult to obtain. Thus, we 
usually use rxy, which can be obtained from a sample, to estimate the unknown 
population parameter. The sample correlation coefficient rxy is expressed as:

 rxy = 
∑

n

i = 1
(xi − x)(yi − y)

∑
n

i = 1
(xi − x)2 ∑

n

i = 1
(yi − y)2

, (2)

where (xi, yi) is the ith pair observation value, i = 1, 2, 3, ..., n. x and y are sample 
mean for x and y respectively. 

Pearson correlation is a straightforward approach to evaluate the relationship 
between two variables. However, if  the variables considered are not real numbers, 
but fuzzy data, the formula above is problematic. For example, Mr. Smith is a new 
graduate from college; his expected annual income is 50,000 dollars. Yet, he can 
accept a lower salary if  there is a promising offer. In his case, the annual income is 
not a definite number but more like a range. Mr. Smith’s acceptable salary range 
is from 45,000 to 50,000. We can express his annual salary as an interval [45,000, 
50,000]. In addition, when Mr. Smith has a job interview, the manager may ask how 
many hours he can work per day. In this case, Mr. Smith may not be able to provide 
a definite number since his everyday schedule is different, but Mr. Smith may tell 
the manger that his expected working hours per day is an interval [8, 10]. 

We know Mr. Smith’s expected salary ranges f rom [45,000, 50,000] and his 
expected working hours are [8, 10]. If  we collect this kind of  data from many new 
graduates, how can we use this data and calculate the correlation between expected 
salary and working hours? Suppose I x is the expected salary for each new graduate, 
I y is the working hours they desired, then the scatter plot for these two sets of  fuzzy 
interval numbers would approximate that shown in Figure 2.

For the interval valued fuzzy number, we need to take out samples f rom 
population X  and Y. Each fuzzy interval data for sample X  centroids has xi, and for 
sample Y  has centroid yi. For the interval data, we also have to consider whether 
the length of  interval fuzzy data is similar or not. In Mr. Smith’s example, if  the 
correlation between the expected salary and working hours are high, then we can 
expect two things: (1) the higher salary the new employee expects, the more working 
hours he can endure; (2) the wider the range of  the expected salary, the wider 
the range of  the working hours should be. However, how should one combine the 
information from both centroid and length? If  they are combined with equal weight, 
it is possible that the combined correlation would exceed the boundaries of  1 or -1. 
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349Does Math Form the Foundation for Science

In addition, the effect of  length should not be greater than the impact of  centroids. 
In order to get the rational fuzzy correlations, we used natural logarithms to make 
some adjustments.  

Let X i = [ai, bi, ci, di], Y i = [ei, f i, gi, hi] (i = 1, 2, ..., n) be a sequence of  paired 
trapezoid fuzzy sample on population Ω with its pair of  centroid (cxi, cyi) and pair of  
area ��xi�� = area(xi), ��yi�� = area(yi) . The adjust correlation for the pair of  area will 
be as follow:

 crxy = 
∑

n

i = 1
(cxi − cx)(cyi − cy)

∑
n

i = 1
(cxi − cx)2 ∑

n

i = 1
(cyi − cy)2

. (3)

arxy = 
∑

n

i = 1
���xi�� − ��xi������yi�� − ��yi���

∑
n

i = 1
���xi�� − ��xi���

2 ∑
n

i = 1
���yi�� − ��yi���

2
. (4)

Then fuzzy correlation is defined as follow:

FC = β1crxy + β2arxy; β1 + β2 = 1. (5)

I yλ

0 Ixλ

Figure 2. Fuzzy correlation with interval data.
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350 Lai and Lin

 arxy = 
∑

n

i = 1
���xi�� − 3.6����yi�� − 1.4�

∑
n

i = 1
���xi�� − 3.6�2 ∑

n

i = 1
���yi�� − 1.4�2

 = 0.32 . (6)

We choose a pair of  (β1, β2) depend on the weight of  practical use. For instance, 
if  we think the location correlation is much more important than that of  the scale, 
β1 = 0.7 and β2 = 0.3 will be a good suggestion. See Table 1 for intensity range and 
meaning of  correlation coefficients in proposed model.

2.3 Transfer function as defined by Wu (2013)

The transfer function is a combination of  linear regression and self  linear 
regression. The function is defined as

 Bt + n = αt + 1Et + 1 + αt + 2Et + 2 + ...  + αt + nEt + n + εt + n, (7)

Table 1. Intensity range and meaning of  correlation coefficients in proposed model.

Proposed model by 
triangular fuzzy 

number

Proposed model by 
defuzzification using 
the center of  gravity 

method
Correlation level of  variables in 

the proposed model
Pearson correlation 

coefficient range
(0.75, 1.00, 1.00) (0.90 and above) Extremely high positive 

correlation (L5)
(0.80 and above)

(0.50, 0.75, 1.00) (0.68, 0.90) High positive correlation (L4) (0.60, 0.80)
(0.25, 0.50, 0.75) (0.45, 0.68) Medium positive correlation 

(L3)
(0.40, 0.60)

(0.00, 0.25, 0.50) (0.23, 0.45) Low positive correlation (L2) (0.20, 0.40)
(0.00, 0.00, 0.25) (0.00, 0.23) Extremely low positive 

correlation (L1)
(0.00, 0.20)

(-0.25, 0.00, 0.00) (-0.23, 0.00) Extremely low negative 
correlation (-L1)

(-0.20, 0.00)

(-0.50, -0.25, 0.00) (-0.45, -0.23) Low negative correlation (-L2) (-0.40, -0.20)
(-0.75, -0.50, -0.25) (-0.68, -0.45) Medium negative correlation 

(-L3)
(-0.60, -0.40)

(-1.00, -0.75, -0.50) (-0.90, -0.68) High negative correlation (-L4) (-0.80, -0.60)
(-1.00, -1.00, -0.75) (-0.90 and less) Extremely high negative 

correlation (-L5)
(-0.80 and less)
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351Does Math Form the Foundation for Science

where i = t, ..., t + n; Bi are predictors; Ei is an independent time variable; ε is the 
regression constant; and αi is the regression coefficient. The function is abridged as

 Bi = ∑
t + n

i = t
αiEi + εt + n. (8)

We define the transfer function as a combined mode because the linear regression 
mode is Bt = αtEt + ...  + βtDt + εt, and self-linear regression is Et + n = αtEt + ...  + αt + n 

Et + n + εt + n.
Thus, transfer function (Equation (8)) comprises both time series prediction and 

enabled the verification of  causality. This study conducted causality verification by 
applying this mode.

3. Empirical study

The sample in this study included 1,922 graduates from the same junior high 
school during 2008–2013 in central Taiwan. We considered the 17-stage Math scores 
(M At, M At − 1, ..., M At − 16) and Science scores (BSCt) in Basic Competence Test 
(BCTEST) for three years. For every student in each stage, two scores were used to 
define the interval scores according to Definition 1. Calculation of  the interval fuzzy 
scores is presented in Table 2. 

3.1 Evaluation of  causality

“Is math the basis of  science?” The main purpose of  this study was to verify 
causality using the transfer function. The 17-stage Math scores were considered 
independent variables and the Science BCTEST scores were considered the predictor. 

Table 2. Calculation of  interval scores.

Score
Student code

1 2 ... 1,921 1,922
First score in stage m 82 88 ... 83 89
Second score in stage n 90 84 ... 89 83
Interval fuzzy scores [m, n] [82, 90] [84, 88] ... [83, 89] [83, 89]
Center value 
c = (m + n)/2 86 86 ... 86 86
 �l� = �m − n� 8 4 ... 6 6
Defuzzication scores:

hf  = c + 
��l��

2 × ln�e + ��l���
87.69 87.05 ... 87.39 87.39
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352 Lai and Lin

The process of  data analysis is illustrated from Tables 3 to 16. Final results are 
presented in Table 17.

In Tables 3 and 4, M At − 3, M At − 4, ..., M At − 16 was evaluated versus BSCt to measure 
the correlation between them. The results show a high level of  correlation (0.712–
0.839), and that adjusted R2 is about 76.7% means transfer function works fairly 
well.

In Tables 5 and 6, M At − 3, M At − 4, ..., M At − 16 was evaluated versus BSCt 
to measure the correlation between them. The results indicate a high level of  

Table 4. Transfer function for 2008 (N  = 311).

Regression equation
BSCt = 3.61 + 0.150M At − 16 − 0.0113M At − 15 + 0.0782M At − 14 − 0.243M At − 13 + 0.0592M At − 12 + 
0.0990M At − 11 − 0.0862M At − 10 − 0.0395M At − 9 − 0.0651M At − 8 + 0.0701M At − 7 + 0.349M At − 6 + 
0.0979M At − 5 + 0.309M At − 4 + 0.164M At − 3

S 4.80
R2 77.60%
Adj. R2 76.70%
PRESS 7,647.56
Pred. R2 74.95%

Analysis of  variance
Source df SS MS F p

Regression   14 23,703.40 1,693.10 73.40 < 0.001
Residual error 296 6,827.80 23.10
Total 310 30,531.20

Note: MS =  mean square; SS = sum of  squares.

Table 3. Fuzzy correlation coefficients for 2008 (N  = 311).

Item M At − 16 M At − 15 M At − 14 M At − 13 M At − 12

BSCt 0.755 0.718 0.762 0.712 0.754
p-value < 0.001 < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 11 M At − 10 M At − 9 M At − 8

BSCt 0.772 0.740 0.761 0.726
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 7 M At − 6 M At − 5 M At − 4

BSCt 0.793 0.839 0.765 0.822
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 3 M At − 2 M At − 1 M At

BSCt 0.808 0.813 0.806 0.824
p-value < 0.001 < 0.001 < 0.001 < 0.001
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correlation (0.696–0.830), and that adjusted R2 is about 75.2% means transfer 
function works very well.

In Tables 7 and 8, M At − 3, M At − 4, ..., M At − 16 was evaluated versus BSCt to 
measure the correlation between them. The results indicate a high level of  correlation 
(0.701–0.818), and that adjusted R2 is about 75.4% means transfer function works 
greatly well.

In Tables 9 and 10, M At − 3, M At − 4, ..., M At − 16 was evaluated versus BSCt to measure 
the correlation between them. The results indicate a high level of  correlation (0.689–

Table 5. Fuzzy correlation coefficients for 2009 (N  = 310).

Item M At − 16 M At − 15 M At− 14 M At − 13 M At − 12

BSCt 0.767 0.696 0.762 0.754 0.761
p-value < 0.001 < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 11 M At − 10 M At − 9 M At − 8

BSCt 0.793 0.746 0.785 0.763
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 7 M At − 6 M At − 5 M At − 4

BSCt 0.801 0.830 0.775 0.813
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 3 M At − 2 M At − 1 M At

BSCt 0.804 0.808 0.776 0.808
p-value < 0.001 < 0.001 < 0.001 < 0.001

Table 6. Transfer function for 2009 (N  = 310).

Regression equation
BSCt = 3.90 + 0.211M At − 16 − 0.207M At − 15 + 0.114M At − 14 − 0.0282M At − 13 − 0.0741M At − 12 + 
0.277M At − 11 − 0.0598M At − 10 − 0.0995M At − 9 + 0.0569M At − 8 + 0.0666M At − 7 + 0.260M At − 6 + 
0.0204M At − 5 + 0.227M At − 4 + 0.154M At − 3

S 5.02
R2 76.30%
Adj. R2 75.20%
PRESS 8,296.36
Pred. R2 73.64%

Analysis of  variance
Source df SS MS F p

Regression   14 24,021.60 1,715.80 67.98 < 0.001
Residual error 295 7,446.30 25.20
Total 309 31,468.00
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354 Lai and Lin

0.831), and that adjusted R2 is about 74.5% means transfer function works really 
well.

In Tables 11 and 12, M At − 3, M At − 4, ..., M At − 16 was evaluated versus BSCt to measure 
the correlation between them. The results indicate a high level of  correlation (0.651–
0.806), and that adjusted R2 is about 74.0% means transfer function works pretty well.

In Tables 13 and 14, M At − 3, M At − 4, ..., M At − 16 was evaluated versus BSCt to measure 
the correlation between them. The results indicate a high level of  correlation (0.661–
0.852), and that adjusted R2 is about 76.6% means transfer function works quite well.

Table 7. Fuzzy correlation coefficients for 2010 (N  = 327).

Item M At − 16 M At − 15 M At − 14 M At − 13 M At − 12

BSCt 0.701 0.740 0.764 0.727 0.782
p-value < 0.001 < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 11 M At − 10 M At − 9 M At − 8

BSCt 0.792 0.753 0.794 0.757
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 7 M At − 6 M At − 5 M At − 4

BSCt 0.791 0.801 0.792 0.818
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 3 M At − 2 M At − 1 M At

BSCt 0.778 0.803 0.812 0.811
p-value < 0.001 < 0.001 < 0.001 < 0.001

Table 8. Transfer function for 2010 (N  = 327).

Regression equation
BSCt = 3.01 + 0.0059M At − 16 − 0.0074M At − 15 + 0.159M At − 14 − 0.138M At − 13 + 0.141M At − 12 + 
0.160M At − 11 − 0.119M At − 10 − 0.103M At − 9 − 0.0889M At − 8 + 0.124M At − 7 + 0.115M At − 6 + 0.107M At − 5  
+ 0.239M At − 4 + 0.151M At − 3

S 4.96
R2 76.10%
Adj. R2 75.40%
PRESS 11,887.00
Pred. R2 74.44%

Analysis of  variance
Source df SS MS F p

Regression   14 35,405.60 2,529.00 102.80 < 0.001
Residual error 312 11,094.50 24.60
Total 326 46,500.00
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In Tables 15 and 16, M At − 3, M At − 4, ..., M At − 16 was evaluated versus BSCt to measure 
the correlation between them. The results indicate a high level of  correlation (0.767–
0.869), and that adjusted R2 is about 84.4% means transfer function works remarkably 
well.

3.2 Transfer function analysis

The f inal results from the transfer function are presented in Table 17. The 

Table 9. Fuzzy correlation coefficients for 2011 (N  = 329).

Item M At − 16 M At − 15 M At − 14 M At − 13 M At − 12

BSCt 0.689 0.739 0.744 0.734 0.788
p-value < 0.001 < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 11 M At − 10 M At − 9 M At − 8

BSCt 0.769 0.775 0.780 0.807
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 7 M At − 6 M At − 5 M At − 4

BSCt 0.819 0.804 0.800 0.816
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 3 M At − 2 M At − 1 M At

BSCt 0.831 0.789 0.810 0.753
p-value < 0.001 < 0.001 < 0.001 < 0.001

Table 10. Transfer function for 2011 (N  = 329).

Regression equation
BSCt = 3.76 + 0.0437M At − 16 + 0.0220M At − 15 + 0.0304M At − 14 − 0.105M At − 13 + 0.0890M At − 12 
− 0.0344M At − 11 − 0.0807M At − 10 − 0.156M At − 9 − 0.157M At − 8 + 0.145M At − 7 + 0.179M At − 6 + 
0.140M At − 5 + 0.0943M At − 4 + 0.239M At − 3

S 5.05
R2 75.40%
Adj. R2 74.50%
PRESS 10,597.20
Pred. R2 73.44%

Analysis of  variance
Source df SS MS F p

Regression   14 30,084.10 2,148.90 84.28 < 0.001
Residual error 314 9,815.90 25.50
Total 328 39,900.00
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adjusted R2 values for each of  the six years were 76.7%, 75.2%, 75.4%, 74.5%, 74.0%, 
and 76.6%, respectively. The overall causal explanatory power of  the 1,922 graduates 
during the study period was 84.4%.

4. Discussion

This study follows the suggestion of  several researchers (Liu, Wu, & Hu, 2008; 
Nguyen & Wu, 2006; Zadeh, 1965) in using the interval-valued fuzzy scores to 

Table 11. Fuzzy correlation coefficients for 2012 (N  = 322).

Item M At − 16 M At − 15 M At − 14 M At − 13 M At − 12

BSCt 0.711 0.706 0.651 0.711 0.736
p-value < 0.001 < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 11 M At − 10 M At − 9 M At − 8

BSCt 0.690 0.697 0.696 0.697
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 7 M At − 6 M At − 5 M At − 4

BSCt 0.702 0.757 0.760 0.773
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 3 M At − 2 M At − 1 M At

BSCt 0.800 0.768 0.773 0.806
p-value < 0.001 < 0.001 < 0.001 < 0.001

Table 12. Transfer function for 2012 (N  = 322).

Regression equation
BSCt = 5.28 + 0.0632M At − 16 − 0.0719M At − 15 + 0.0631M At − 14 + 0.200M At − 12 + 0.136M At − 11 − 
0.0117M At − 10 − 0.255M At − 9 − 0.0037M At − 8 + 0.0125M At − 7 + 0.0480M At − 6 + 0.233M At − 5 + 
0.0644M At − 4 + 0.450M At − 3

S 5.57
R2 75.50%
Adj. R2 74.00%
PRESS 8,620.11
Pred. R2 71.72%

Analysis of  variance
Source df SS MS F p

Regression   13 18,268.10 1,405.20 45.29 < 0.001
Residual error 308 7,632.00 31.00
Total 321 25,900.00
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represent the abilities of  students. Transfer function (Equation (8)) is used for both 
time series prediction as well as causality verif ication (Wu, 2013).The samples in 
this study included 1,922 graduates from the same junior high school for the period 
2008–2013. The transfer function equations are presented in Table 17. The six year 
adjusted R2 values are 76.7%, 75.2%, 75.4%, 74.5%, 74.0%, and 76.6%, respectively. The 
overall causal explanatory power of  the 1,922 graduates over the study period was 
84.4%. According to the results of  this empirical study, Math scores were highly 
correlated with science scores which also exhibited high explanatory power. Overall, 

Table 13. Fuzzy correlation coefficients for 2013 (N  = 323).

Item M At − 16 M At − 15 M At − 14 M At − 13 M At − 12

BSCt 0.661 0.701 0.756 0.756 0.752
p-value < 0.001 < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 11 M At − 10 M At − 9 M At − 8

BSCt 0.745 0.747 0.757 0.792
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 7 M At − 6 M At − 5 M At − 4

BSCt 0.834 0.813 0.813 0.811
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 3 M At − 2 M At − 1 M At

BSCt 0.827 0.793 0.813 0.852
p-value < 0.001 < 0.001 < 0.001 < 0.001

Table 14. Transfer function for 2013 (N  = 323).

Regression equation
BSCt = 5.66 − 0.0519M At − 16 − 0.0086M At − 15 + 0.172M At − 14 + 0.024M At − 13 − 0.038M At − 12 − 
0.028M At − 11 − 0.130M At − 10 − 0.004M At − 9 + 0.161M At − 8 + 0.347M At − 7 + 0.054M At − 6 − 0.036M At − 5  
+ 0.141M At − 4 + 0.283M At − 3

S 5.33
R2 78.90%
Adj. R2 76.60%
PRESS 5,457.46
Pred. R2 73.45%

Analysis of  variance
Source df SS MS F p

Regression   14 12,788.19 913.44 32.19 < 0.001
Residual error 308   4,511.82  28.38
Total 322 17,300.01
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there exists a strong indication that skills and knowledge in mathematics form the 
foundation of  science learning.

5. Conclusions

This study sought to evaluate the causal relationship between science and math 
through the analysis of  interval scores obtained from the 12-year basic education 
program in Taiwan. Our sample included 1,922 graduates of  the same junior high 

Table 15. Fuzzy correlation coefficients for 2008–2013 (N  = 1,922).

Item M At − 16 M At − 15 M At − 14 M At − 13 M At − 12

BSCt 0.767 0.800 0.805 0.810 0.831
p-value < 0.001 < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 11 M At − 10 M At − 9 M At − 8

BSCt 0.831 0.828 0.852 0.833
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 7 M At − 6 M At − 5 M At − 4

BSCt 0.784 0.864 0.841 0.869
p-value < 0.001 < 0.001 < 0.001 < 0.001

Item M At − 3 M At − 2 M At − 1 M At

BSCt 0.854 0.857 0.847 0.865
p-value < 0.001 < 0.001 < 0.001 < 0.001

Table 16. Transfer function for 2008–2013 (N  = 1,922).

Regression equation
BSCt = 0.000 + 0.0038M At − 16 + 0.0477M At − 15 + 0.0939M At − 14 − 0.0197M At − 13 + 0.0518M At − 12 
+ 0.0837M At − 11 − 0.0061M At − 10 + 0.0660M At − 9 + 0.0539M At − 8 + 0.0231M At − 7 + 0.158M At − 6 + 
0.0835M At − 5 + 0.205M At − 4 + 0.156M At − 3

S 3.95
R2 84.50%
Adj. R2 84.40%
PRESS 30,255.00
Pred. R2 84.21%

Analysis of  variance
Source df SS MS F p

Regression     14 161,867 11,562 741.16 < 0.001
Residual error 1,906  29,733      16
Total 1,920 191,600
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school during 2008–2013. We applied fuzzy theory to develop a model describing 
the relationship between the two subjects. Empirical results indicate a strong 
correlation between the two. It appears probable that science learning is enhanced 
by the problem resolution skills of  mathematical logic. Awareness of  this link could 
encourage greater enthusiasm in students compelled to study mathematics. This 
study contributes to the development of  policy related to the 12-year basic education 
program by providing concrete research to inform decision-making.
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ABSTRACT
This paper  uses the  Glosten – Jaganathan –Runkle  generalized  autoregresive 
heteroskedascticity (GJRGARCH)-vine copula model to analyze the impact of  exchange rate’s 
volatility on China’s import from four Lancang–Mekong Cooperation (LMC) countries. Our 
empirical study found that in the C-vine copula, there is greater probability of  extreme 
values on exchange rate and China’s import from Myanmar and Thailand. In the Clayton 
copula, we find a significant relationship on exchange rate and China’s import from four 
LMC countries. In the D-vine copula, there is greater probability of  extreme values on China’s 
import from Vietnam and Thailand. Finally, we cannot f ind any signif icant dependence 
on Clayton copula. The student-t dependence structure exhibits better explanatory abilities 
than the Clayton dependence structure. These findings have important implications for risk 
management, as the appreciation of  the RMB, China’s import from the four LMC countries 
also increase. LMC will promote regional export and creates the condition to increased cross-
border connectivity, but the exchange rate risk will still exists.  

Keywords: China; Lancang–Mekong Cooperation (LMC) countries; import; Glosten–
Jaganathan–Runkle generalized autoregresive heteroskedascticity (GJRGARCH)-
vine copula; exchange rate

1. Introduction

The Lancang–Mekong Cooperation (LMC) countries are Cambodia, China, Laos, 
Myanmar, Thailand, and Vietnam. The six countries along the Mekong River (the 
Chinese stretch of  which is called the Lancang River) launched the LMC mechanism 

* Corresponding author: ynandre@hotmail.com
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in 2015 and convened the f irst Leaders’ Meeting in March 2016. The meeting 
refers to the three cooperation pillars—political and security issues, economic, 
and sustainable development.1 According to the statistical data from the CEInet 
Statistics Database, from 1995 to 2017, the China’s import from the LMC Countries 
development was rapid. The value of  imports rose from approximately $2.007 billion 
to approximately $99.53 billion. 

In 2017, the exchange rate of  RMB against a basket of  currencies appreciated 
steadily and moderately. At the end of  2017, China Foreign Exchange Trade System 
(CFETS) RMB exchange rate index closed at 94.85, appreciating 0.02% from the end 
of  2016 (The People’s Bank Of  China, 2018). In international economics, exchange 
rate is a key determinant when it comes to international trade. The exchange rate 
greater volatility will bring many problems on China’s import enterprise.

In the present age, there have been many studies about Association of  Southeast 
Asian Nations (ASEAN) and RMB exchange rate. Baharumshah, Onwuka, and 
Habibullah (2007) showed the ASEAN-5 countries is moving towards multilateral 
trade liberalization. Ramachandran and Linde (2011) found that the Greater 
Mekong Subregion (GMS) countries, supported by the Asian Development Bank, 
have adopted a holistic, multidimensional approach to strengthen infrastructural 
linkages and facilitate cross border trade. Wang, Lin, and Yang (2012), using panel 
cointegration test, fully modified ordinary least squares (FMOLS) for panel FMOLS 
and panel error correction model (ECM), found that the appreciation of  RMB has 
a decrease in the long-run effect on China’s trade balance on three partners, while 
increases long-run effect with five partners. Chen and Zhu (2016) point out the GMS 
should establish mechanisms of  interest sharing and build a diverse and polycentric 
regional coordination system. 

In the traditional linear regression analysis, some series do not follow normal 
distribution and have leptokurtosis and fat tails. Another feature is the leverage 
effect, whereby there is an asymmetric reaction of  volatility changes in response to 
positive and negative shocks of  the same magnitude. Therefore, from the perspective 
of  innovative we can use the GJRGARCH-vine copula model, because it provides 
an effective way to make up for the limitations of  linear regression analysis. The 
higher dimensions are challenging for traditional copula analysis, and Glosten–
Jaganathan–Runkle generalized autoregresive heteroskedascticity (GJRGARCH)-
vine copula model is able to overcome higher dimensions dilemma.

The f irst literature to appear about copula model was Sklar’s (1959) theorem 
(Longin & Solnik, 2001) found that between two markets in the asymmetric co-
movements; multivariate normality assumption is not suitable for measuring the 
dependence structure of  equity returns. Wu, Chang, and Chang (2012) used time-
varying copula models-based GARCH models to evaluate the dependence structure 

1 Launched by LMC China Secretariat, the State Council Information Office of  the People’s Republic of  
China.
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between the oil price and the USD exchange rate. Reboredo (2012) found that there 
is no extreme market dependence between exchange rate and oil prices. Maugis 
and Guégan (2010) showed the asymptotic normality of  the vine copula parameter. 
Nikoloulopoulos, Joe, and Li (2012) compared dif ferent vine copulas to forecast 
extreme quantile and made in terms of  likelihood f it. Kurowicka and Joe (2011) 
involved all the principles of  the vine-copula methodology. Aloui and Aïssa (2016) 
investigate the multivariate dependence among crude oil, exchange rate, and stock 
returns using a vine copula approach. Bedoui, Braiek, Guesmi, and Chevallier 
(2019) propose a nested copula-based GJRGARCH model to explore the dependence 
structure between oil, gold, and the USD exchange rate. Ji, Liu, and Fan (2019) 
analyses the dynamic dependence between West Texas intermediate (WTI) crude 
oil and the exchange rates of  the US and China, taking structural changes of  
dependence into account by using six time-varying copula models. In this paper, 
we can use the GJRGARCH-vine copula model to analyze the impact of  exchange 
rate’s volatility on China’s import from four LMC countries (we selected Myanmar, 
Thailand, Vietnam, and Laos as samples for this study, which are the top four LMC 
countries exporting to China).

The structure of  the remainder of  this paper is as follows. Section 2 describes 
GJRGARCH-vine copula model. Section 3 discusses the date and empirical result. 
Section 4 provides some conclusions. 

2. GJRGARCH-vine copula model

2.1. AR(1)-GJRGARCH(1, 1) model

According to Vogiatzoglou (2017), the AR(1)-GJRGARCH(1,1) can be expressed as: 
Let ri, t denote the returns of  the i-th asset at time t. Then

 ri, t = c0 + c1ri, t − 1 + ei, t. (1)

 ei, t = hi, tki, t, ki, t ~ SkT(η, λ). (2)

 hi, t = ωi, t + αe2
i, t − 1 + βhi, t − 1 + γe2

i, t − 1 (ei, t < 0). (3)

For the GJR(1, 1) model, the constraints applied to equation are: α > −γ, α + γ + 2β 
< 2, β ∈ (0, 1).

The Hansen (1994) density function is given as follows:
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The value of  d, q, and c are given as follows:

 d ≡ 4λc η – 2
η – 1 . (5)

 q2 ≡ 1 + 2λ2 − d2. (6)

 c ≡ 
ℸ(η + 1 / 2)

π(η − 2)ℸ(η / 2)
. (7)

The η and the λ are the kurtosis parameters and the parameter asymmetry, 
respectively. λ is restricted within (−1, 1). When λ > 0, it implies skewness to the 
right. When λ < 0, it implies skewness to the left.

2.2 Copula function 

The student-t copula is

 CT�m, w�ρ, n� = tρ, n[tn
−1(w), tn

−1(m)]. (8)

The student-t copula can capture tail dependence. A student-t copula is student-t 
distribution with correlation ρ and degree of  freedom n (Embrechts, Lindskog, & 
McNeil, 2003).

The Clayton family has been introduced by Clayton (1978). The Clayton copula is

 Cθ
Clay(m, w�θ) = (m−θ + w−θ − 1)− 1

θ. (9)

The Clayton can capture the left-tail dependence, and when θ = 0, it implies no 
dependence. 
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2.3 Estimation and calibration of  copula 

We proposed using the canonical maximum likelihood (CML) method, which use 
the empirical distribution and the copula parameters estimated without specifying 
the marginal by the “empirical probability integral transform” method in order to 
obtain the uniform marginal [0, 1]. The estimation process is implemented via a two-
stage procedure (Genest, Ghoudi, & Rivest, 1995), as follows.

First, we transform the standardized residuals into uniform variables by using 
the empirical cumulative distribution function

 Fi(x) = 1
T  + 1 ∑

T

t = 1
I(xij ≤ x), (10)

where I(xij ≤ x) denoted the indicator function: I(xij ≤ x) = 1 if  the expression is true 
and I(xij ≤ x) = 0 if  expression is false.

Second, we estimate the copula parameters by using maximum likelihood 
estimate

 θ̂c = argmaxθ ∑
T

t = 1
lncit(F1t(x1, t), ..., Fnt(xn, t), θc). (11)

2.4 Vine copula 

An n-variate copula C(u1, ..., un) is a cumulative distribution function with 
uniform marginals on the unit interval. For the C-vine and D-vine copulas, by 
following Nikoloulopoulos et al. (2012) we find the pairs at level 1 to be i and i + 1 
for i = 1, ..., n − 1, and the pairs for level l (2 < l < n) are i and i + l�i + 1, ..., i + l − 
1 for i = 1, ..., n − l for the n-dimensional D-vine. For the n-dimensional C-vine, the 
pairs at level 1 are 1 and i, for i = 2, ..., n, and the pairs for level l (2 < l < n) are l, i�1, ..., 
l − 1 for i = l + 1, ..., n.

 
f(y) = 

n

k = 1
∏ f k(yk)

n − 1

ℓ = 1
∏

n − ℓ

i = 1
∏ci, i + ℓ�i + 1, ..., i + ℓ − 1, 

(Fi�i + 1, ..., i + ℓ − 1(yi�yi + 1: i + ℓ − 1), Fi + ℓ j�i + 1, ..., i + ℓ − 1(yi + ℓ�yi + 1: i + ℓ − 1)),
 (12)

where yk1: k2 = (yk1, ..., yk2) are
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f(y) = 

n

k = 1
∏ f k(yk)

n − 1

ℓ = 1
∏

n − ℓ

i = 1
∏cℓ, i + ℓ�1, ..., ℓ − 1, 

(F ℓ�1 − ℓ − 1(yℓ�y1 ...  yℓ − 1), Fi + ℓ�1 + ℓ − 1(yi + ℓ�y1 ...  yℓ − 1)).
  (13)

Here, l and i denote the level/tree and run over the edges in each tree, respectively.
In Table 1, there are C-vine and D-vine copulas with f ive variables and four 

trees/levels.

3. Data and empirical results 

3.1 Data description

In order to explore the dependent structure of  exchange rate and China’s import 
f rom four LMC countries, we f irst collect the monthly data regarding China’s 
import from four LMC countries (Myanmar, Thailand, Vietnam, and Laos) which 
are obtained from the CEInet Statistics Database (sample period from January 1995 
to December 2017). The Chinese Yuan/USD monthly average exchange rates were 
taken from the International Financial Statistics of  the International Monetary 
Fund and Financial Statistics of  the Federal Reserve Board (sample period from 
January 1995 to December 2017), each yielding 276 observations. As we can see from 
Figure 1, the monthly data of  exchange rate and China’s import from three LMC 
countries (Thailand, Vietnam, and Laos) exhibit a permanent deterministic pattern 
of  the long-term upward trend with seasonal and cyclical patterns, in spite of  some 
fluctuations. As we can see from the line graph of  China’s import from Thailand, 
there is a sharp decrease in the time of  the global financial crisis (2008 and 2009).

We attempted to use the AR(1)-GJRGARCH(1, 1) model to estimate the 
conditional correlation of  the monthly data of  exchange rate and China’s import 
from four LMC countries, respectively. So, it is imperative that the data should 
be stationary and we can transform the data to the logarithmic form r1, t = ln(yt / 
yt − 1). We can utilize the data in the first difference as the incremental rate with 
the monthly data of  exchange rate and China’s import from four LMC Countries, 
respectively. The monthly incremental rates are plotted in Figure 2, which show that 

Table 1. C-vine and D-vine copulas with five variables and four trees/levels.
C-vine D-vine

c12 × c13 × c14 × c15 c12 × c23 × c34 × c45

c23�1 × c24�1 × c25�1 c13�2 × c24�3 × c35�4

c35�12 × c34�12 c14�23 × c25�34

c45�12 c15�23
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there is a conditional variance process in the data. It implies that we can utilize the 
AR(1)-GJRGARCH(1, 1) to estimate the monthly data of  exchange rate and China’s 
import from four LMC countries.

The descriptive statistics of  the incremental rate are reported in Table 2, which 
show that the standard deviation of  rM AY , t, rV IE, t, rTH A, t, and rLAO, t is higher than rEXC, t. 
The skewness statistics for Thailand is less than 0. The kurtosis of  five series are 

Figure 1. The monthly data of  exchange rate and China’s import from four LMC 
countries.

Note: the x-axis represents the year, and y-axis represents the exchange rate and China’s import 
from four LMC countries.
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Table 2. Summary statistics for the monthly data of  exchange rate and China’s 
import from four LMC countries.

Statistics Exchange Myanmar Thailand Vietnam Laos
M 0.001331 0.015012 0.013907 0.026224 0.029620
SD 0.006286 0.450418 0.163948 0.424763 0.712221
Skewness 0.089166 0.244491 -0.104514 0.029872 0.297754
Kurtosis 5.041336 3.899205 3.894156 6.526818 4.745540

Figure 2. The monthly value incremental rates.
Note: the x-axis represents the year, and y-axis represents the monthly incremental rates.
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higher than 3, which indicates that five series have leptokurtosis and fat tails and 
exhibit the characteristic features of  the financial time series. 

Since the value of  exchange rate and China’s import from four LMC countries 
should be stationary for modeling the time series, therefore testing for unit roots is 
essential for the time series analysis with AR(1)-GJRGARCH(1, 1) models. Table 3 
reports that the unit-root test results support the null hypothesis of  unit-root for the 
first difference of  the log-transformation.

Table 4 reports the results of  AR(1)-GJRGARCH(1, 1) with the skewed-residuals 
model (Hansen, 1994) based on the monthly data of  exchange rate and China’s 
import from four LMC countries during the sample period from January 1995 to 
December 2017. The results of  the conditional variance equations are α + γ + 2β = 
1.8963, 1.9108, 1.9744, 1.9330, and 1.9952 for in the value of  exchange rate and China’s 
import from four LMC countries. These results imply that the long-run persistence 
in the five series. 

3.2 Vine copula results 

Table 5 presents the results of  GJRGARCH-vine copula model, in the C-vine 
copula, the degrees of  freedom of  the student-t copula model is significant on c14 
and c23�1, and there is the least degree of  freedom in c23�1—which means that there is 
greater probability of  extreme values on exchange rate, Myanmar, and Thailand. In 
the Clayton copula, we find a strong significance with fminunc in c23�1, c24�1, c25�1, and 
c34�12. Therefore, there exists a significant relationship on exchange rate, Myanmar, 
Vietnam, Thailand, and Laos. We also find that there is a significant correlation on 
c13, c35�12. Therefore, significant relationships on exchange rate, Myanmar, Thailand, 
and Laos.

In the D-vine copula, the degrees of  freedom of  the student-t copula model are 
signif icant on c23 and c34, and there is the least degree of  freedom in c34, which 
means that there is greater probability of  extreme values on Thailand and Vietnam. 

Table 3. Tests of  hypotheses of  unit-root.

Variable Log of  first difference
Exchange -13.97720**

Myanmar -9.31572**

Thailand -12.23301**

Vietnam -12.55985**

Laos -10.21320**

Note: The augmented Dickey–Fuller test (ADF) can perform the test for unit-root. The critical 
values for the rejection of  the null hypothesis of  a unit-root are -4.038365 and -3.448681 or 
1% and 5%, respectively. ** denotes rejection of  the null hypothesis at the 1% significance 
levels.
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Finally, we cannot f ind any signif icant dependence on Clayton copula. We can 
see that the AIC of  the student-t dependence is lower than that of  the Clayton 
dependence; it implies that the student-t dependence structure exhibits better 
explanatory abilities than the Clayton dependence structure in GJRGARCH-vine 
copula model.

4. Conclusions

We use the GJRGARCH-vine copula model to analyze the impact of  exchange 
rate’s volatility on China’s import from four LMC Countries. 

In the C-vine copula, there is the least degree of  f reedom of  the student-t 
copula in c23�1—which means that there is greater probability of  extreme values 
on exchange rate, China’s import from Myanmar and Thailand. In the Clayton 
copula, there exists a significant relationship on exchange rate, China’s import from 
Myanmar, Thailand, Vietnam, and Laos. Based on the above conclusions of  C-vine 

Table 4. Results of  AR(1)-GJRGARCH(1, 1) analysis.

Variable Exchange Myanmar Thailand Vietnam Laos
c0 -0.0000

(0.000)
0.0287

(0.034)
0.0142

(0.009)
0.0404**

(0.017)
0.0256

(0.034)
c1 0.4999***

(0.058)
-0.2832***

(0.063)
-0.3270***

(0.073)
-0.4239***

(0.052)
-0.3945***

(0.064)
ω 0.0000

(0.000)
0.0000

(0.006)
0.0000

(0.000)
0.0000

(0.001)
0.0000

(0.004)
α 0.2024*

(0.104)
0.1174**

(0.058)
0.0246

(0.049)
0.0656

(0.048)
0.0033

(0.031)
β 0.8296***

(0.052)
0.8967***

(0.150)
0.9159***

(0.035)
0.9337***

(0.036)
0.9524***

(0.044)
γ 0.0347

(0.080)
0.0000

(0.496)
0.1180

(0.072)
0.0000

(0.065)
0.0871

(0.103)
η 6.8527**

(3.284)
7.8854

(10.053)
14.3306
(9.515)

4.3771***

(1.029)
8.5350**

(3.369)
λ -0.1123

(0.104)
0.2773***

(0.088)
-0.2968***

(0.096)
-0.0890
(0.073)

-0.0164
(0.104)

AIC -2,172.7955 323.7907 -252.4620 112.8493 533.4626
BIC -2,143.8613 352.7249 -223.5284 141.7835 562.3967
ln(L) 1,094.398 -153.895 134.231 -48.425 -258.731

Note: AIC: Akaike information criterion; BIC: Bayesian information criterion. The standard 
errors are in the parentheses. Note that *, **, and *** denote rejection of  the null hypothesis 
at the 10%, 5%, and 1% significance levels, respectively.
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copula, the results show that within the LMC countries, as the devaluation of  the 
RMB, China’s import from the four LMC countries also decreases. 

In the D-vine copula, there is greater probability of  extreme values on China’s 
import from Thailand and Vietnam. The AIC of  the student-t dependence is lower 
than that of  the Clayton dependence; it is imply that the student-t dependence 
structure exhibits better explanatory abilities than the Clayton dependence structure. 

The findings of  this study support the hypothesis LMC will promote regional 
export and creates the condition to increased cross-border connectivity, but the 
exchange rate risk will still exist.

Table 5. C-vine and D-vine results.

C-vine D-vine
c Student-t Clayton c Student-t Clayton

c12 148.5605 
(413.116)

0.0109
(0.026)

c12 140.5453
(398.254)

0.0193
(3.855)

c13 19.4562
(74.421)

0.0618**

(0.030)
c23 6.9618***

(0.007)
0.2056

(0.480)
c14 10.5066***

(0.895)
0.0000

(0.000)
c34 4.9506***

(0.009)
0.3084
(1.997)

c15 105.8530
(285.629)

0.0191
(0.029)

c45 40.6009
(93.830)

0.1268
(0.145)

c23�1 8.5998***

(0.006)
0.1903***

(0.034)
c13�2 10.9963

(12.362)
0.0469
(1.776)

c24�1 75.8115 
(214.669)

0.1213***

(0.031)
c24�3 104.5889

(290.149)
0.0296

(2.382)
c25�1 60.2497

(166.110)
0.0983***

(0.031)
c35�4 48.1254

(117.908)
0.0382
(1.162)

c34�12 4.9994
(19.213)

0.2835***

(0.032)
c14�23 36.7269

(81.565)
0.0000

(23.252)
c35�12 41.2287

(119.482)
0.0905**

(0.038)
c25�34 105.0203

(291.144)
0.0667

(0.560)
c45�123 110.9204

(300.608)
0.0491

(0.036)
c15�234 113.8817

(317.385)
0.0182

(0.522)
AIC -162.7468 -126.7368 AIC -163.4638 -124.9595
BIC -126.5791 -90.5691 BIC -127.2961 -88.7918
ln(L) 91.373 73.368 ln(L) 91.732 72.480

Note: c1 = exchange rate; c2 = Myanmar; c3 = Thailand; c4 = Vietnam; c5 = Laos. In the decomposition, ci� j 
denotes the parameter of the vine copula. The standard errors are in the parentheses. A “0” value 
in a parameter indicates that the estimated parameter was less than 0.0001. Note that ** and *** 
denote rejection of the null hypothesis at the 5% and 1% significance levels, respectively.
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ABSTRACT
In this paper, based on the previous large deviation theory and under some suitable 
conditions, we obtain the large deviation principle about average of  an independent and 
identically distributed family of  stochastic processes by the Gärtner–Ellis theorem and 
Dawson–Gärtner theorem. And we give an example in queue theory.

Keywords: large deviation principle; exponential tightness; Gärtner–Ellis theorem; Dawson–
Gärtner theorem

1. Introduction

As we know, large deviation principle (LDP) is one of  the most important limit 
theories in probability theory. The LDP deals with the asymptotic estimation of  
probabilities of  rare events. The LDP of  sequence of  random variables is f irst 
involved, which was put forward by Swedish mathematician Harld Cramér (1937), 
that is, it is the Cramér’s theorem. The details are as follows.
Theorem 1.1. Cramér’s (1937) theorem. Let {X n: n ∈ N} be a sequence of  independent 
random variables each distributed like X, and let Sn = X1 + X 2 + … + X n. Let Λ(θ) =  
logEeθX, and let Λ* be the convex conjugate of  Λ. Suppose that Λ is f inite in a 
neighborhood of  zero. Then the sequence of  random variables {Sn/n: n  ∈  N} satisfies 
the LDP in R with good rate function Λ*.

The basic idea is that the probability that the sample mean deviates from the 
population mean obeys the exponential decay with the rate function Λ*. We can use 
this to estimate probability of  rare events. Cramér’s theorem allows the analysis of  

the large deviations of  1
n

n
i = 1∑ X i, people begin to consider the large deviations joint 
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behavior of  a family of  random variables indexed by t. Mogulskii gave the sample 
path LDP presented below.
Theorem 1.2. Sample path LDP. (Dembo & Zeitouni, 1998). Define

 Zn(t) = 1
n ∑

[nt]

i = 1
X i,    0 ≤ t ≤ 1, (1)

and let μn be the law of  Zn(•) in L∞([0, 1]) with the supremum norm. The measures μn 
satisfy the LDP in L∞([0, 1]) with the good rate function

 I(x) = � ∫
1

0
Λ*(x(t))dt, if  x ∈ AC, x(0) = 0

           ∞,               otherwise
, (2)

where AC denotes the space of  absolutely continuous function, i.e., AC = {φ ∈ C([0, 1]): 
k
l = 1∑ �tl − sl� = 0, sl < tl ≤ sl + 1 < tl + 1 ⇒ 

k
l = 1∑ | x(tl) − x(sl)| → 0}.

In this paper, we will consider the LDP about average of  stochastic processes. 
For example, consider a queue fed by many flows, let X (i)(t) be the amount of  work 
arriving to the queue in the interval (0, t], t ∈ N, from input flow i. Assume that 
each f low is a stochastic process, and these dif ferent f lows are independent and 
identically distributed. Let X n be the average of  n input flows:

 X n(t) = 1
n (X (1)(t) + X (2)(t) + ...  + X (n)(t)),    t ∈ N, (3)

we will prove that {X n(•): n ≥ 1} satisfies the LDP in the space D that is the set of  
functions x: N0 → R (where N0 = {0, 1, 2, ...}) for which x(0) = 0, equipped with the 
topology of  pointwise convergence under some conditions. Also, adding another 
condition, {X n(•): n ≥ 1} satisfies the LDP in the space D, equipped with the extended 
scaled uniform topology where the extended scaled uniform topology on D is defined 
as follows. If  x = ∞ or x = −∞, then let x be an isolated point. Equip the remainder of  

D with the topology obtained from the normal scaled uniform norm: ��x�� = 
t ≥ 0
sup�

x(t)
t + 1 �.

The rest of  this paper is in three parts. In Section 2, we introduce some theorems, 
lemmas, and def initions related to the proof  and conclusions of  this paper. In 
Section 3, the main conclusion of  this paper is introduced. In the proof, we use 
some hypotheses, Dawson–Gärtner theorem, Gärtner–Ellis theorem, and inverse 
contraction principle and two important lemmas, which provide an important 

IJITAS12(4)-03 Xiaowen Ma.indd   376 2020/1/6   下午 12:58:24



377Large Deviations for Average of Stochastic Processes

guarantee for the proof  of  the conclusion. An example is presented in Section 4. 
In this example, for each i, t, X i(t) is the sum of  t independent and identically 
distributed random variables each distributed like A(1)(1). We will prove that when 
A(1)(1) satisfies some conditions, the hypotheses of  our main theorem are satisfied 
and then obtain the LDP of  {X n(•): n ≥ 1}.

2. Preliminaries

To obtain our desired result, we need to mention the following def initions, 
lemmas and theorems in this section.
Definition 2.1. (Ganesh, O’Connell, & Wischik, 2004). The ef fective domain of  a 
function f : 𝒳 → R* is the set {x ∈ X : f (x) < ∞}, where R* for the extended real 
numbers, R ∪ {+∞}.
Definition 2.2. (1) A function I: R → R* is a rate function if  I(x) ≥ 0 for all x ∈ R, 
and I  is lower semicontinuous, i.e., the level sets {x: I(x) ≤ α} are all closed, for α ∈ R. (2) 
It is called a good rate function if  the level sets are all compact in addition.
Definition 2.3. Essential smoothness. Let f  be a function on R taking values 
in the extended reals R*. The function f  is essentially smooth if  the interior of  its 
ef fective domain is non-empty, f  is dif ferentiable in the interior of  its ef fective 
domain, and f  is steep, namely, for any sequence θn which converges to a boundary 
point of  the effective domain of  f , limn → ∞�∇f(θn)� = +∞. 
Lemma 2.1.  The cumulant  generating  f unction Λ  is convex  and lower 
semicontinuous, and Λ(0) = 0. It is dif ferentiable in the interior of  its ef fective 
domain, with derivative

 Λ'(θ) = E(XeθX)/eΛ(θ). (4)

Lemma 2.2. (Ganesh et al., 2004). The function f * is convex and lower semicontinuous. If 
f  is a convex function, differentiable at θ  ∈  R with f'(θ) = η, then f *(η) = ηθ − f(θ).
Lemma 2.3. (Ganesh et al., 2004). Let an and bn be sequences in R+, then

 
n → ∞

limsup 1
n log(an + bn) ≤ 

n → ∞
limsup 1

n log(an) ∨ 
n → ∞

limsup 1
n log(bn), (5)

and

 
n → ∞

liminf 1
n log(an + bn) ≥ 

n → ∞
liminf 1

n log(an) ∨ 
n → ∞

liminf 1
n log(bn). (6)
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(This extends easily to finite sums.)
Definition 2.4. LDP. Let {X n: n ∈ N} be a sequence of  random variables taking 
values in R. Say that X n satisfies the LPD in R with rate function I  if  I  is a rate 
function, and if  for all closed sets F  ⊂ R,

 
n → ∞

limsup 1
n logP(X n ∈ F ) ≤ −

x ∈ F
inf I(x), (7)

and for all open sets G ⊂ R,

 
n → ∞

liminf 1
n logP(X n ∈ G) ≥ −

x ∈ G
inf I(x). (8)

Theorem 2.1. Gärtner–Ellis theorem. (Dembo & Zeitouni, 1998). Consider a 
sequence of  random vectors Zn ∈ Rd. For each λ ∈ Rd, let Λn (λ) = logEe<nλ, Zn>. The 
logarithmic moment generating function defined as the limit

 Λ(λ) = 
n → ∞
lim 1

n Λn(nλ), (9)

if  the limit Λ(λ) exists as an extended real number, and if  the origin belongs to the 
interior of  𝒟Λ = {λ ∈ Rd: Λ < ∞} and essentially smooth and lower semicontinuous, 
then the sequence of  random variables {Zn: n ∈ N} satisfies the LDP in Rd with good 
convex rate function Λ*(•), where Λ*(•) is the Fenchel-Legendre transform of  Λ(λ): Λ* 
(x) = supλ ∈ Rd {λx − Λ(λ)}
Definition 2.5. Exponential tightness. (Dembo & Zeitouni, 1998). Let X  be a metric 
space, X n be a sequence of  random variables in X. It is exponentially tight if  for all 
α ∈ R+, there exist compact sets K α ⊂ X  such that

 
N  → ∞

limsup 1
n logP(X N  ∉ K α) < −α. (10)

Lemma 2.4. Inverse contraction principle. (Ganesh et al., 2004). Let f  be a 
continuous bijection from X  to another Hausdorf f  space Y , and suppose f (X n) 
satisfied the LDP in Y  with rate function J. If  X n is exponentially tight in X , then 
X n satisfies the LDP in X  with good rate function I(x) = J(f(x)).
Theorem 2.2. Dawson–Gärtner theorem for projective limits. (Dembo & 
Zeitouni, 1998). Let X  be a projective limit space, with projections {pi: j ∈ J }. Let X n 
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be a sequence of  random variables in X. Suppose that for every j, pj(X n) satisfies the 
LDP in pj(X ) with good rate function I j. Then X n satisfies the LDP in X  equipped 
with the projective limit topology, with good rate function

 I(x) = 
j ∈ J
supI j(pj(x)). (11)

Definition 2.6. (Ganesh et al., 2004). A scaling function is a function 𝑣: N → R for 
which

 
𝑣t

logt
 → ∞. (12)

In this paper, assume {X (i)(t): t ∈ N} is a stochastic process for each i, and let

 X n(t) = 1
n (X (1)(t) + X (2)(t) + ...  + X (n)(t)). (13)

For each j = {1 ≤ t1 < t2 < ...  < t� j�, t1, t2, ..., t� j� ∈ N}, let pj(x) = (x(t1), x(t2), ..., x(t� j�)), Zn, j 
denote the vector (X n(t1), X n(t2), ..., X n(t� j�)).

We will consider the behavior of  {X n(•): n ≥ 1}.

3. Main result

In this section, we present the main result of  this paper, that is, {X n(•): n ≥ 1} 
satisfies the LDP. Our basic assumption is the following:
1. A1: Define ΛN, j(θ) = logEeθ × Zn, j, θ ∈ R� j�. Assume that the limit

 Λ j(θ) = 
n → ∞
lim 1

n Λn, j(nθ) (14)

 exists for each j.
2. A2: Assume that origin belongs to the interior of  the effective domain D = {θ ∈ 

R� j�, Λ j(θ) < ∞} and Λ j(θ) is essentially smooth and lower semicontinuous.
3. A3: Define Λt(θ) = Λ1, {t}(θ) = logEeθ × X (1)(t). Assume for each θ, Λt(θ) < ∞.

4. A4: Define the scaled log moment generating function Λ̃t(θ) = 1
𝑣t

Λt(θ𝑣t �t) for each 

θ ∈ R. Assume that the limit Λ̃(θ) = limt → ∞Λ̃t(θ) exists.
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Theorem 3.1. Assuming A1–A3 hold, then {X n: n ≥ 1} satisfies the LDP with good 
rate function I(x) = sup jΛ j

*(pj(x)), where Λ j
*(y) = supθ ∈ R

� j�{θ × y − Λn, j(θ)} in the space 
D equipped with the topology of  pointwise convergence. If  in addition A4 holds, then 
{X n: n ≥ 1} is exponentially tight in D equipped with the extended scaled uniform 
topology, and satisfies the LDP in that space with the same good rate function.
Proof. First, we have assumed that origin belongs to the interior of  the effective 
domain D, and Λ j(θ) is essentially smooth and lower semicontinuous. Hence, by 
Gärtner–Ellis theorem, {Zn, j: n ≥ 1} satisfies the LDP in R� j�, with good rate function 
Λ j

*.
Second, by Dawson–Gärtner theorem, we can extend this collection of  LDPs to 

the LDP for {X n(•): n ≥ 1} in (D, τp), by which we mean the set D equipped with the 
topology of  pointwise convergence (which is the projective limit topology for discrete 
sequences), with good rate function I(x).

Third, note that the identity map (D, ��•��) → (D, τ p) is continuous, {X n(•): n 
≥ 1} satisf ies the LDP in (D, τp) which we have just found; and {X n(•): n ≥ 1} is 
exponentially tightness (the proof  of  exponential tightness is left to Lemma 3.1 at 
the end of  this section). So by inverse contraction principle in Lemma 2.4, we can 
conclude that {X n(•): n ≥ 1} satisfies the LDP in (D, ��•��) and have good rate function 
I(x).
Lemma 3.1. If  {X n: n ≥ 1} satisfies assumption A1–A3, then it is exponentially tight 
in (D, ��•��). In other words, there exist compact sets K α in (D, ��•��) for which

 
α → ∞
lim

n → ∞
limsup 1

n logP(X n(t) ∉ K α) < −∞. (15)

Proof. Choose

 K α = {x ∈ D: x(t)
t  ∈ [μ − αδt, μ + αδt], ∀t}, (16)

where μ = Λ̃'(0). The proof  of  compactness is given in Lemma 3.2, and the proof  of  
the limit is given in Lemma 3.3.
Lemma 3.2. If  {δt: t ∈ N } is chosen so that limt → ∞δt = 0, then the sets K α are compact 
in (D, ��•��).
Proof.  Note that K α = ⋂TK α(T ), where

 K α(T ) = {x ∈ D: x(t)
t  ∈ [μ − αδt, μ + αδt], t ≤ T }. (17)
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Because we are working in a metric space, we need to prove the sets K α are compact 
in (D, ��•��), then we need to prove that the sets K α are self-sequentially compact in 
(D, ��•��). So, let xk be a sequence of  K α, we only need to find a subsequence xm(k) and 
prove it converges to x in (D, ��•��) and x  ∈  K α.

Let K̃α(T ) be the T-dimensional truncation of  K α(T ), that is,

 K̃α(T ) = {x: [1, T ] → R, x(t)
t  ∈ [μ − αδt, μ + αδt], 1 ≤ t ≤ T }. (18)

And we define a uniform norm ��•��K̃α(T ) in RT, where

 ��x��K̃α(T ) = 
1 ≤ t ≤ T
sup �x(t)�. (19)

In the following, we prove K̃α(T ) is compact in (RT, ��•��K̃α(T )).
Let xk be a sequence of  K̃ α(T ), we only need to f ind a subsequence {x j(k)} and 

prove it converges to x in (RT, ��•��K̃α(T )) and x ∈ K̃α(T ). Note that {xk} ⊂ K̃α(T ), so for 
any k ≥ 1, 1 ≤ t ≤ T, 

 � xk(t)
t  − μ� ≤ αδt. (20)

Also, since f or any sequence of  real numbers, there exists a convergent 
subsequence in this sequence of  real numbers, then, for any 1 ≤ t ≤ T,

 
K  → ∞
lim x j(k)(t) = x(t). (21)

Therefore,

 
K  → ∞
lim x j(k)(t)

t  = x(t)
t ,    1 ≤ t ≤ T. (22)

In the following, we prove x ∈ K̃α(T ). For any 1 ≤ t ≤ T,

 � x(t)
t  − μ� ≤ � x j(k)(t) − x(t)

t � + � x j(k)(t)
t  − μ� = � x j(k)(t) − x(t)

t � + αδt. (23)
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Then let k → ∞, we get

 � x(t)
t  − μ� ≤ αδt,    ∀1 ≤ t ≤ T. (24)

Therefore x ∈ K̃α(T ). And due to (1),

 
1 ≤ t ≤ T
sup �x j(k)(t) − x(t)� → 0,    k → ∞, (25)

so,

 ��x j(k) − x(t)��K̃α(T ) → 0. (26)

Then, we prove the T-dimensional truncation of  K α(T ) is compact in RT.
Because the T-dimensional truncation of  K α(T ) is compact in RT  for each T, the 

K α is compact under the projective limit topology. So xm(k) exists which converges 
pointwise to x and x belongs to K α. It remains to show that xm(k) → x under the 
scaled uniform topology on D.

Given any ε > 0, since δt → 0 as t → ∞, we can find t0 such that for t ≥ t0, αδt < ε. 
And since x and all the xm(k) are in K α,

 � xm(k)(t)
t  − μ� ≤ αδt, (27)

 � x(t)
t  − μ� ≤ αδt, (28)

so

 � xm(k)(t)
t  − x(t)

t � ≤ � xm(k)(t)
t  − μ� + � x(t)

t  − μ� < 2αδt < ε. (29)

Therefore,

 
t > t0

sup� xm(k)(t)
t  − x(t)

t � < ε. (30)
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And since the xm(k) converge pointwise to x, for any t, ε > 0, we can find m0(t) such 
that for m(k) > m0(t),

 � xm(k)(t)
t  − x(t)

t � < ε. (31)

For all 1 ≤ t < t0, we choose m0 = max{m0(1), …, m0(t0 − 1)} such that for m(k) > m0,

 
t < t0

sup� xm(k)(t)
t  − x(t)

t � < ε. (32)

Putting these together,

 ��xm − x�� ≤ (
1 ≤ t < t0

sup � xm(k)(t)
t  − x(t)

t �) ∨ (
t ≥ t0

sup� xm(k)(t)
t  − x(t)

t �) < ε. (33)

So xm(k) → x under the scaled uniform topology in D. The compactness of  K α is 
proved.
Lemma 3.3. There is a choice of  {δt: t ∈ N } for which δt → 0 as t → ∞, and also

 
α → ∞
lim

n → ∞
limsup 1

n P(X n(t) ∉ K α) < −∞. (34)

Proof. First, choose δt. By assumption, the function Λ̃t converge pointwise to Λ̃, which 
is differentiable, hence finite and continuous in a neighborhood of  the origin. Let φ 
> 0 be such that Λ̃ is differentiable on �θ� ≤ φ. Clearly, Λ̃t is also finite at θ = ±φ for t 
sufficiently large. By Lemma 2.1, the scaled cumulant generating function Λ̃t is convex 
and continuous on the interior of  its effective domain. Thus there exists a positive 
φ' < φ such that Λ̃t is continuous on �θ� ≤ φ' for t sufficiently large. By convexity, the 
pointwise convergence Λ̃t → Λ̃ must be uniform. In other words, if  we set

 εt = 
u > t�θ� ≤ φ'
supsup�Λ̃t − Λ̃(θ)�, (35)

then εt ↓ 0 as t → ∞. Now define a sequence θt by

 θt = ( ε0  + V t) ∧ φ', (36)
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where V t = logt
vt

. 

By the definition of  scaling function, V t → 0; thus θt → 0 as t → ∞. From these, we 
can finally define

 δt = Λ̃(θt) – μθt

θt
 + Λ̃(–θt) – μθt

θt
 + εt

θt
 + V t. (37)

The f irst two terms both decrease to 0 as t → ∞, since Λ̃  is convex and 
differentiable at 0 with derivative μ = Λ̃'  (0), namely,

 
t → ∞
lim Λ̃(θt) – μθt

θt
 = 

t → ∞
lim Λ' (̃θt) – μ

1  = Λ̃'(0) − μ = 0. (38)

The third term decreases to 0, as one can see by substituting in the definition of  
θt, and we have already said why V t → 0. Thus δt → 0 as t → ∞.

Second, prove

 
α → ∞
lim

n → ∞
limsup 1

n P(X n(t) ∉ K α) < −∞. (39)

We can split K α into two parts by

 P(X n(t) ∉ K α) ≤ ∑
t ∈ N

P( xn(t)
t  > μ + αδt) + ∑

t ∈ N
P( xn(t)

t  < μ + αδt). (40)

We will only need to prove the f irst term, as the second term can be dealt with 
similarly.

Firstly, fix t and consider a single term in the sum. For all θ > 0, by Chernoff’s bound,

 

P( xn(t)
t  > μ + αδt) = P(θnX n(t) > n(μ + αδt)θt) 

= P(eθnX n(t) > eθnt(μ + αδt) ) 

≤ 
EeθnX n(t)

Eeθnt(μ + αδt)
.

 (41)
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So, take logarithms divided by n,

 

1
n logP( xn(t)

t  > μ + αδt)

≤ 1
n logEeθnX n(t) − 1

n ntθ(μ + αδt)

= 1
n logEeθ(X (1)(t) + X (2)(t) + ...  + X (2)(t)) − θt(μ + αδt)

= logEeθX (1)(t) − θ(μt + αtδt)
= Λt(θ) − θ(μt + αtδt).

 (42)

Take the limsup, we have

 
n → ∞

limsup 1
n logP( xn(t)

t  > μ + αδt) ≤ −[θ(μt + αtδt) − Λt(θ)],    ∀θ. (43)

Choosing any θ for which Λt(θ) is finite, we see that this quantity → -∞ as α → ∞. So 
we obtain,

 
α → ∞
lim

n → ∞
limsup 1

n ∑
t ≤ t0

logP( xn(t)
t  > μ + αδt) < −∞.  (44)

Now for the remaining terms in the sum, we will show below that

 
α → ∞
lim

n → ∞
limsup 1

n ∑
t ≥ t0

logP( xn(t)
t  > μ + αδt) < −∞.  (45)

For any choice of  φt > 0, by Chernoff’s bound,

 P( xn(t)
t  > μ + αδt) ≤ 

EenψtX
n(t)

enψt(μt + αtδt)
. (46)

So take logarithms, divided by n, then take the limsup, we obtain
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n → ∞
limsup 1

n log∑
t > t0

P( xn(t)
t  > μ + αδt)

≤ 
n → ∞

limsup 1
n log∑

t > t0

exp{−nψt(μt + αtδt) + nΛt(ψt)}

= 
n → ∞

limsup 1
n log∑

t > t0

exp{−nV t[θt(μ + αδt) − Λ̃t(θt)]}

(by choosing ψt = θtV t �t).

 (47)

A typical term in brackets [•] in this expression is

 

θt(μ + αδt) − Λ̃t(θt)
≥ θt(μ + αδt) − Λ̃(θt) − εt    (by definition of  εt)
= αθtδt − (Λ̃(θt) − μθt) − εt

= α[Λ̃(θt) − μθt + Λ̃(−θt) + μθt + εt + θtV t] − (Λ̃(θt − μθt)) − εt

= (α − 1)[Λ̃(θt) − μθt + εt] + α[Λ̃(−θt) + μθt + θtV t]
≥ αθtV t    (assuming α ≥ 1, and since Λ̃(θ) − θμ ≥ 0 by convexity)
≥ αV t

2    (for t sufficiently large that θt < φ')
= αlogt �V t.

 (48)

We can use this to bound the sum we derived, to find that,

 

n → ∞
limsup 1

n log∑
t > t0

P( xn(t)
t  > μ + αδt)

≤ 
n → ∞

limsup 1
n log∑

t > t0

e−nαlogt

= 
n → ∞

limsup 1
n log∑

t > t0

t−αn

= α
M  → ∞

limsup 1
M log∑

t > t0

t−M     (by choosing M  = αn)

≤ −αlog(t0 + 1).

 (49)

Note that this holds for t0 suf f iciently large, and that the choice of  t0 does not 
depend on α, let α → ∞, so
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α → ∞
lim

n → ∞
limsup 1

n log∑
t > t0

P( xn(t)
t  > μ + αδt) < −∞. (50)

By Lemma 2.2, we obtain

 

α → ∞
lim

n → ∞
limsup 1

n logP( xn(t)
t  > μ + αδt)

≤ 
1 ≤ t ≤ t0

max
α → ∞
lim

n → ∞
limsup 1

n logP( xn(t)
t  > μ + αδt)

∨ 
α → ∞
lim

n → ∞
limsup 1

n log∑
t > t0

P( xn(t)
t  > μ + αδt)

= −∞.

 (51)

This lemma has been proved.

4. Applications

In this section, we prove an application which motivates the results of  the 
preceding sections.
Theorem 4.1. Suppose the sequence {A(i)(t): t ∈ N } is independent and identically 
distributed for each i, i ∈ N, where A(i)(t) is the amount of  work that arrives in (t − 1, t] 
from input flow i in a queue. Let

 X (i)(t) = A(i)(1) + A(i)(2) + … + A(i)(t), (52)

so for each j = {1 ≤ t1 < t2 < ...  < t� j� t1 < t2, ..., t� j� ∈ N },

 Zn, j = ( 1
n (X (1)(t1) + X (2)(t1) + ...  + X (n)(t1)), ..., 

1
n (X (1)(t� j�) + X (2)(t� j�) + ...  + X (n)(t� j�))).

 (53)

For any θ ∈ R, when logEeθA(1)(1) is finite, essentially smooth (differentiable, steep) and 
derivative is continuous, and lower semicontinuous, {X n(•): n ≥ 1} satisfies the LDP, 
with the rate function I(x) = sup jΛ j

*(pj(x)), where Λ j
*(z) = supθ ∈ R

� j�{θ × z − Λn, j(θ)}, and
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Λn, j(θ) = n{t1logEexp[
θ1 + θ2 + ...  + θ� j�

n A(1)(1)]

+ (t2 − t1)logEexp[
θ2 + θ3 + ...  + θ� j�

n A(1)(1)]

+ ...  + (t� j� − t� j� − 1)logEexp[
θ� j�

n A(1)(1)]}.

 (54)

Proof. In order to prove Theorem 4.1, we need to check: (1) Λ j(θ) is finite; (2) Λ j(θ) 
is differentiable; (3) Λ j(θ) is steep; (4) origin belongs to the interior of  the effective 
domain of  Λ j(θ); and (5) Λ j(θ) is lower semicontinuous.

For any θ, from the calculation we have done above, the following results can be 
obtained:

 

Λn, j(θ) = n{t1logEexp[
θ1 + θ2 + ...  + θ� j�

n A(1)(1)]

+ (t2 − t1)logEexp[
θ2 + θ3 + ...  + θ� j�

n A(1)(1)]

+ ...  + (t� j� − t� j� − 1)logEexp[
θ� j�

n A(1)(1)]}.

 

 

Λ j(θ) = t1logEexp{(θ1 + θ2 + ...  + θ� j�)A(1)(1)}
+ (t2 − t1)logEexp{(θ2 + θ3 + ...  + θ� j�)A(1)(1)}
+ ...  + (t� j� − t� j� − 1)logEexp{θ� j�A(1)(1)}.

 (55)

 Λt(θ) = tlogEeθA(1)(1). (56)

Firstly, we will prove Λ j(θ) is finite. For any θ ∈ R, logEeθA(1)(1) is finite. Obviously, 
Λ j(θ) is finite.

Secondly, we will prove Λ j(θ) is dif ferentiable. logEeθA(1)(1) is dif ferentiable and 
derivative is continuous for any θ ∈ R, so we can let
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 a(θ̃) = 
θ → θ̃
lim logEeθA(1)(1) − logEeθ̃A(1)(1)

θ – θ̃
, (57)

and a(θ̃) is continuous as well. Then the partial derivatives of

 nt1logEexp{
θ1 + θ2 + ...  + θ� j�

n A(1)(1)} (58)

to θ1, θ2, …, θ� j� exist and are continuous, and also the partial derivatives of

 n(t2 − t1)logEexp{
θ2 + θ3 + ...  + θ� j�

n A(1)(1)} (59)

to θ1, θ2, …, θ� j� exist and are continuous. And the partial derivatives of

 n(t� j� − t� j� − 1)logEexp{
θ� j�

n A(1)(1)} (60)

to θ1, θ2, …, θ� j� exist and are continuous. Therefore, the partial derivatives of  the sum 
of  these quantities to θ1, θ2, …, θ� j� exist and are continuous, so Λ j(θ) is differentiable.

Thirdly, we will prove Λ j(θ) is steep. Assume logEeθA(1)(1) is steep, and its effective 
domain is represented as

 U  = {θ ∈ R: logEeθA(1)(1) < ∞}. (61)

So for any sequence θm which converges to a boundary point of  U, we have

 
m → ∞
lim ��logEeθA(1)(1)�

'
�

θ = θm

� = ∞. (62)

We first give each partial derivatives of  Λn, j(θ), θ ∈ R� j�),

 ∂Λn, j(θ)
∂θ1

 = t1�logEeθA(1)(1)�
'
�

θ = θ1 + θ2 + ...  + θ� j�

n
, (63)
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 ∂Λn, j(θ)
∂θ2

 = t1�logEeθA(1)(1)�
'
�

θ = θ1 + θ2 + ...  + θ� j�

n
 + (t2 − t1)�logEeθA(1)(1)�

'
�

θ = θ2 + θ3 + ...  + θ� j�

n
, (64)

…

 

∂Λn, j(θ)
∂θ� j�

 = t1�logEeθA(1)(1)�
'
�

θ = θ1 + θ2 + ...  + θ� j�

n
 

+ (t2 − t1)�logEeθA(1)(1)�
'
�

θ = θ2 + θ3 + ...  + θ� j�

n
 

+ ...  + (t� j� − t� j� − 1)�logEeθA(1)(1)�
'
�

θ = 
θ� j�

n
.

 (65)

Then, we obtain,

 
m → ∞
lim �∇Λn, j(θm)� = lim � ∂Λn, j(θ)

∂θ1
�

2

 + � ∂Λn, j(θ)
∂θ2

�
2

 + ...  + � ∂Λn, j(θ)
∂θ� j�

�
2 

�
θ = θm

. (66)

So, we have

 
m → ∞
lim �∇Λn, j(θm)� = 

m → ∞
lim

t2
1��logEeθA(1)(1)�

'
�

θ = 
θ1, m + θ2, m + ...  + θ� j�, m

n
�

2

 + ...

+ (t� j� − t� j� − 1)2��logEeθA(1)(1)�
'
�

θ = 
θ� j�, m

n
�

2 . (67)

In the following, the relationship between the ef fective domain boundary of  
multivariate function Λn, j(θ) and the efficient domain boundary of  univariate function 
logEeθA(1)(1) will be analysed. First of  all, we analyse the effective domain Λn, j(θ).

 

{θ: Λn, j(θ) < ∞} = {θ: 
θ1 + θ2 + ...  + θ� j�

n
 ∈ U, ..., 

θ� j�

n
 ∈ U } 

= {θ: θ × D ∈ U � j�} 

= {θ: θ ∈ U � j�D−1} 

= U � j�D−1,

 (68)
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where

 D = �

1
n 0 ... 0

1
n

1
n ... 0

... ... ... ...
1
n

1
n ... 1

n

�. (69)

Assume sequence θm converges to a boundary point θ of  the effective domain of  
Λn, j(θ), then θmD → θD and θmD is the point inside U � j� and θD is the boundary of  
U � j� because U � j� is a product region. So each component of  θmD is the interior of  U, 
and there exists some component of  θD, which belongs to the boundary of  U, and 
assume it is the kth component, and also (θmD)i → (θD)i, i = 1, 2, …, � j�. And,

 (θmD)1 = 
θ1, m + θ2, m + ...  + θ� j�, m

n , (70)

 (θmD)2 = 
θ2, m + θ3, m + ...  + θ� j�, m

n , (71)

…

 (θmD)� j� = 
θ� j�, m

n . (72)

Because

 
m → ∞
lim ��logEeθA(1)(1)�

'
�

θ = 
θk, m + θk + 1, m + ...  + θ� j�, m

n
� = ∞. (73)

Then

 
m → ∞
lim �∇Λn, j(θm)� = ∞. (74)
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In the following, we will prove origin belongs to the interior of  the effective 
domain of  Λn, j(θ). Because 0 ∈ U 0 (in one dimensional case, we have assumed the 
origin belongs to the interior of  the effective domain U ), there exists a neighborhood 
of  the origin such that: 0 ∈ V  ⊂ U , so 0 ∈ V D −1 ⊂ U D −1. The following part will 
prove (0, 0, …, 0)  ⊂  (U � j�D−1)0, that is, in multidimensional case, the origin belongs 
to the interior of  the ef fective domain U � j�D −1. In fact, we only need to take the 
neighborhood (V D−1)� j� of  (0, 0, …, 0), then (V D−1)� j�  ⊂  (UD−1)� j� = U � j�D−1. So we complete 
(0, 0, …, 0) belongs to the effective domain of  Λn, j(θ).

Finally, we will prove Λ j(θ) is lower semicontinuous. Because the logarithmic 
moment generating function logEeθA(1)(1) is lower semicontinuous, then

 
θ → θ̃

liminflogEeθ(1)(1) ≥ logEeθ̃A(1)(1). (75)

Then

 
θ → θ̃

liminfΛ j(θ) = 
θ → θ̃

liminf{t1logEe(θ1 + θ2 + ...  + θ� j�)A(1)(1) 

+ (t2 − t1)logEe(θ2 + θ3 + ...  + θ� j�)A(1)(1) 

+ ...  + (t� j� − t� j� − 1)logEe(θ� j�)A(1)(1)}.

 (76)

When θ → θ̃, then θi → θ̃i, i = 1, 2, …, � j�. So

 

θ → θ̃
liminfΛ j(θ) ≥ 

θ → θ̃
liminft1logEe(θ1 + θ2 + ...  + θ� j�)A

(1)(1)

+ 
θ → θ̃

liminf(t2 − t1)logEe(θ2 + θ3 + ...  + θ� j�)A
(1)(1)

+ ...  + 
θ → θ̃

liminf(t� j� − t� j� − 1)logEeθ� j�A
(1)(1) 

≥ t1logEe(θ̃1 + θ̃2 + ...  + θ̃� j�)A
(1)(1)

+ (t2 − t1)logEe(θ̃2 + θ̃3 + ...  + θ̃� j�)A
(1)(1)

+ ...  + (t� j� − t� j� − 1)logEeθ̃� j�A
(1)(1)

= Λ j(θ̃).

 (77)

Therefore, Λ j(θ) is lower semicontinuous. So we complete the proof  of  our result.
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ABSTRACT
The Burr type-XII distribution have considered for the Bayes estimation under the linear 
exponential (LINEX) loss function. We consider here type-I progressive hybrid (T-IPH) 
censoring criterion, combined with step-stress partially accelerated life (SS-PALT) test for the 
present study. The Bayes risks under simulation using Metropolis–Hastings (M-H) algorithm 
and the real data set has obtained from the LINEX loss function. Based on the Bayes risks 
we discussed here the fruitfulness of  the above scenario under three different criteria. The 
optimal stress change time also has been measured by the method of  minimization of  the 
asymptotic variance of  maximum likelihood (ML) estimation. The Bayes estimator under 
squared loss function and their mean squared error also has been obtained for comparing 
under the above scenario.

Keywords: step-stress partially accelerated life test (SS-PALT); type-I progressive hybrid 
(T-IPH) censoring; Bayes risks; linear exponential (LINEX) loss function; 
maximum likelihood (ML) estimation

1. Introduction

Burr (1942) suggested a family of  distributions which includes 12 dif ferent 
cumulative distribution functions with a variety of  density shapes, named as Burr 
distribution. Among those 12 distribution functions, type-XII distribution have 
received maximum attention, and is applied in several applied f ields, including 
chemical engineering, quality control, business, duration analysis, failure time 
modeling, reliability studies, etc. The present discussion is on Burr type-XII 
distribution. The probability density function along with cumulative density 
function are given below:

* Corresponding author: ggyanji@yahoo.com
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 f(y; α, β) = βαyβ − 1(1 + yβ)−α − 1; α > 0, β > 0, y ≥ 0 (1)

and

 F(y; α, β) = 1 − (1 + yβ)−α; α > 0, β > 0, y ≥ 0. (2)

The Burr type-XII distribution covers a variety of  curve shapes and is fit for any 
general lifetime data model due to a wide range of  values of  skewness and kurtosis. 
The hazard rate and reliability function of  considered distribution are given below:

 ρ(y) = βα yβ – 1

1 + yβ ; α > 0, β > 0, y ≥ 0 (3)

and

 R(y) = (1 + yβ)−α; α > 0, β > 0, y ≥ 0. (4)

The parameter α and β both are known as the shape parameter. It is also noted 
from Equation (3), the shape parameter α does not affect the shape of  the failure 
rate function, and which have a uni-modal curve when β > 1 and has decreased 
failure rate function for β ≤ 1. 

Few important and newest references for Burr type-XII distribution are 
summarized as follows. The reliability performances ware studied by Li, Shi, Wei, 
and Chai (2007) by using an empirical Bayes estimation criterion on progressively 
type-II censored Burr type-XII data. Al-Hussaini and Hussein (2011) suggested a 
number of  applications for exponentiated Burr type-XII distribution in dif ferent 
fields of  applied statistics. They also derived the Bayes estimates for the concerned 
distribution under censored data. Rastogi and Tripathi (2011) have considered the 
Burr type-XII distribution for estimating the unknown parameters when data are 
hybrid censored. Soliman, Abd-Ellah, Abou-Elhegga, and Modhesh (2011) present the 
Bayesian inference on the underlying distribution for squared error loss function by 
applying the Gibbs sampling procedure to draw Markov chain Monte Carlo (MCMC) 
samples.

A Koziol–Green model of  random censorship was dealt by Danish and Aslam 
(2013) for estimating the Bayes estimation of  unknown parameters of  Burr type-
XII distribution for both informative and non-informative priors. Panahi and 
Sayyareh (2015) presents the statistical inference and prediction of  the Burr type-XII 
distribution of  unified hybrid-censored data. Prakash (2017b) considered the Burr 
type-XII distribution for the statistical inference on random removal scheme with 
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progressive censoring. The maximum likelihood (ML) estimation, Bayes estimation, 
and prediction problems under the above scenario have been investigated in 
concerned article. 

Prakash (2017a) considered the constant stress partially accelerated life test (ALT) 
model for obtaining several confidence intervals for the unknown parameters of  
Burr type-XII progressively censored data. Recently, Prakash (2018a) has discussed 
about estimation in Bayesian methodology for the underlying model by using 
constant stress partially ALT under both symmetric and asymmetric risk criteria 
for progressively censored data.

The main focus of  the article is on combining these two different approaches, 
step-stress partially ALT (SS-PALT) and type-I progressive hybrid (T-IPH) censoring. 
No similar study has been found in the literature under Bayesian methodology. 
The Bayes risks have been investigated under the linear exponential (LINEX) loss 
function of  the unknown parameters for the fruitfulness of  the above considered 
scenario. On behalf  of  Bayes risks, three different criteria, viz., type-I (T-I) censoring, 
progressive type-II (PT-II) censoring, and T-IPH censoring pattern has been 
investigated under SS-PALT. An optimal stress change time also has been measured 
by the method of  minimization of  the asymptotic variance of  ML estimation. The 
Bayes estimator under squared loss function and their mean squared error also 
has been obtained for comparing under the above scenario. A simulation using 
Metropolis–Hastings (M-H) algorithm have considered along with a real data set has 
also been carried out.

2. T-IPH censoring 

Minimizing expenses and duration of  testing, the censoring and/or the 
accelerated life testing criteria have performed. In the present time scenario, 
the progressive hybrid censoring and SS-PALT are in the limelight. Hence, the 
main objective of  the present discussion is to combine these two and studied the 
fruitfulness by Bayes risks of  the unknown parameters of  the underlying model.

The life-tests are performed for observing the life of  units put on the life test in 
reliability analysis. In such life tests, some living units are removed or vanished due 
to time and cost limitation or due to the needs of  the units for other services. With 
such criteria, one of  the good choice is PT-II censoring, which provides the flexibility 
of  removal of  units at each intermediate failure. See Balakrishnan and Aggarwala 
(2000) for extensive reviews on literature of  the progressive censoring. 

Following Prakash (2015), let us suppose a total of  n test units are placed on 
a life test, having corresponding lifetimes T1, T 2, ..., T n, respectively. All units are 
distributed identically and independently Burr type-XII distribution (Equation 
(1)). In PT-II censoring, the trial stops at a pre-assumed failure, mth (m ≤ n) with 
censoring pattern R ≅ (R1, R2, ..., Rm) follows n − m = R1 + R2 + ...  + Rm. Our 
concerned is of  T-IPH censoring, which is the combination of  T-I (time censoring) 
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and PT-II censoring. In this censoring, the test stops either at pre-assumed number 
of  failure m (≤ n) or at pre-considered time t with a number of  failures X j, which 
one occurred earlier and both are pre-fixed in advance. 

In case, the experiment stops at time t with a number of  failures X j, then they 
must satisfy the condition X j < t < X j + 1, and remaining live test units n − R1 − R2 − ...  
− Rj − j = R*(say) are removed from the test. So, the observed sample may be one of  
the following two types:

 �
I: (X1, X 2, ..., X ε, X ε + 1, ..., X m), if  X m < t
II: (X1, X 2, ..., X ε, X ε + 1, ..., X j), if  X j < t < X j + 1.

 (5)

Several literature available on hybrid censoring, but no study founds the 
combination of  SS-PALT with T-IPH under concerned scenario. Few recent and 
important studies on hybrid censoring are listed as follows. The exponential model 
was assumed by Kundu and Joarder (2006) for studying the behaviors of  the 
ML estimators and Bayes estimators of  unknown parameters under the hybrid 
censoring. Lin and Huang (2012) considered the exponential distribution under 
the adaptive T-IPH censoring scheme and study the exact distribution of  the 
ML estimation, confidence intervals for the failure rate using exact distribution, 
asymptotic distribution, and bootstrap resampling methods. 

Balakrishnan and Cramer (2014) have presented more informative literature 
on hybrid censoring in his book. Mohie El-Din, Sadek, Mohie El-Din, and Nagy 
(2016) suggested the ML and Bayesian estimation on type-II progressive hybrid 
censoring scheme for the Pareto distribution. Some Bayes inferences on Burr type-
XII distribution on T-IPH censoring have discussed by Kayal, Tripathi, Rastogi, and 
Asgharzadeh (2017). Recently, Asl, Belaghi, and Bevrani (2017) suggested ML and 
Bayes estimates for the Burr type-XII distribution on PT-II hybrid censored data by 
using expectation-maximization (EM) algorithm. 

3. SS-PALT

Some life tests outcome in very limited failures by the end of  the test. This makes 
lifetime test for normal stress condition, time consuming and expensive. So that, to 
obtain failure quickly, the test is run at higher than usual stress conditions. For such 
cause, ALT is used to get information about the lifetime distribution of  item shortly 
and less expensive. In step stress scheme of  the ALTs, usually a test unit starts at 
a low stress level. If  the unit does not fail at a pre-specified time, it stresses on its 
elevated and held at specified times. Stress is recurrently increased until the test 
unit fails or censoring time is reached (Nelson, 1990). A great amount of  literature 
available on SS-PALT, see Prakash (2018b) for recent studies on SS-PALT. 
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Basically, in SS-PALT, all units are tested f irst at normal stress condition; 
if  units do not fail for a pre-specif ied time (stress change time) ε (say), then the 
test is switched to higher stress and continued until items fail. The result of  this 
shifting is to shrink the remaining lifetime of  the item by multiplying the inverse 
of  the acceleration factor λ (say). Hence, an altered random variable model given in 
Equation (6) was discussed by DeGroot and Goel (1979) for such situations.

 X  = �
        Y  ; 0 < Y  ≤ ε

ε + Y  – ε
λ

 ;    Y  > ε.
 (6)

Here, X  is assumed as the total lifetime of  a test item and is passed two stress 
condition, normal stress (I) and higher stress condition (II), respectively. Thus the 
altered random variable model Equation (7) is rewritten as 

 f(x; α, β) = �
 I: f1 = βαxβ − 1�1 + xβ�−α − 1 ; 0 < x ≤ ε
II: f 2 = βαλx⃛β − 1�1 + x⃛β�−α − 1 ; x > ε; x⃛ = (x − ε)λ + ε.

 (7)

The joint probability density (likelihood) function is now written by using 
Equation (7) under SS-PALT combined with T-IPH censoring, as

 �
I: L ∝ 

k

j = 1
∏�f1(1 − F1)Ri� × 

m

i = k + 1
∏ �f 2(1 − F 2)Ri�

II: L ∝ 
l

j = 1
∏�f1(1 − F1)Ri�1 − F1(t)�

R*

� × 
j

i = l + 1
∏ �f 2(1 − F 2)Ri�1 − F 2(t)�

R*

�

 (8)

Solving Equation (8), we get

 L ∝ βdαdλd − δω0ω1e−αωd, (9)

where ω0 = δ

i = 1∏ �
xβ

(i)

1 + xβ
(i)
�; W 1 = k

i = 1∑ (1 + Ri)log�1 + xβ
(i)�; d = �

I: m
II: j

; δ = �
I: k
II: l

; ω1 = 

d
i = δ + 1∏ �

x⃛β
(i)

1 + x⃛β
(i)
�; ωd = �

I: W 1 + W 2

II: W 3 + W 4
; W 3 = l

i = 1∑ (1 + Ri)log�1 + xβ
(i)� + R*log�1 + tβ�; W 2 
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= m
i = k + 1∑ (1 + Ri)log�1 + x⃛β

(i)�; W 4 = j
i = l + 1∑ (1 + Ri)log�1 + x⃛β

(i)� + R*log�1 + t⃛β�; t⃛ = (t − ε)

λ + ε.

4. The Bayes estimation under LINEX loss function

No any honest guideline is available for the selection of  prior distribution. 
Completely it depends on researcher’s personal interest and belief  in the study. Since 
our main objective is the study of  proposed methods on different censoring pattern, 
those are the special cases of  the T-IPH censoring in terms of  Bayes risks. Thus, we 
considered here the vague prior for all unknown parameters, so that the prior does 
not play any significant role in the analyses that follow (Prakash, 2017a). Thus, the 
joint prior probability density is given as

 π(α, β, λ) ∝ 
1
αβλ

, α > 0, β > 0, λ > 0. (10)

Based on Bayesian theorem, the joint and marginal posterior densities 
corresponding to parameters are obtained respectively as

 

π*
(α, β, λ) = 

π(α, β, λ) × L

∫
β

∫
λ

∫
α

π(α, β, λ) × Ldαdλdβ
 

∝ 
βd − 1αd − 1λd − δ − 1ω0ω1e−αωd

∫
β

βd − 1ω0∫
λ

λd − δ − 1ω1∫
α

αd − 1e−αωddαdλdβ
,
 (11)

 π*
(α, β, λ) ∝ Ω βd − 1αd − 1λd − δ − 1ω0ω1e−αωd, (12)

where Ω = �Γ(d)∫
β

βd − 1ω0∫
λ

λd − δ − 1 ω1

(ωd)d dλdβ�
−1

.

The marginal posterior distributions corresponding to parameters α, β, and λare

 π*
(α) ∝ Ωαd − 1∫

β

βd − 1ω0∫
λ

ω1λ
d − δ − 1e−αωd dλdβ, (13)
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 π*
(β) ∝ ΩΓ(d)βd − 1ω0∫

λ

ω1λ
d − δ − 1(ωd) −ddλ (14)

and

 π*
(λ) ∝ ΩΓ(d)λd − δ − 1∫

β

ω0ω1β
d − 1(ωd) −ddβ. (15)

Several authors studied the Bayesian inference under the common loss function 
named as squared error loss function, and Bayes estimator is simply the posterior 
mean. Due to the practical importance of  the underlying distribution, squared error 
loss is not fully justified the Bayesian inference. Infeasibility of  the squared error in 
several practical situations have discussed time to time by several authors. However, 
the posterior mean for any estimate Θ̂ of  the parameter Θ is obtained as

 Θ̂S = ∫
Θ

Θπ*
ΘdΘ; Θ = α, β, λ. (16)

A simplif ied closed mathematical f orm for the posterior mean and their 
corresponding mean squared error do not exist for each parameter. Numerical 
method is applied here for the numerical findings of  the proposed estimates.

A valuable and f lexible class of  asymmetric loss function has used for the 
Bayesian inference in the present article, named as invariant LINEX loss function 
(ILLF). Following Prakash (2018b), the ILLF is defined for an estimate Θ̂ of  any 
parameter Θ, as

 ℓ(∂) = ec∂ − c∂ − 1; c ≠ 0, ∂ = Θ̂
Θ

 − 1. (17)

The parameter c is the shape parameter of  ILLF (see Prakash, 2018b for more 
details on ILLF). The Bayes estimators corresponding to the parameter Θ under 
ILLF are obtained by solving following equality for each parameter respectively 

 ∫
Θ

� 1
Θ

exp�−c Θ̂l

Θ ��π*
ΘdΘ = ec∫

Θ

1
Θ
π*
ΘdΘ; Θ = α, β, λ. (18)
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The theoretical solution of  the Equation (18) for each parameter are not possible. 
Therefore the corresponding expressions for Bayes risks under the ILLF also not 
solvable theoretical for corresponding parameters. Numerical method is applied here 
for the analysis of  the proposed methods.

5. The optimization criterion in SS-PALT

In life testing experiment under SS-PALT procedures, the major issue is 
to obtain the stress change time f rom normal to higher stress condition. The 
optimization principle cracked this matter, and provide the duration of  lower stress 
level. Ismail, Abdel-Ghalyb, and El-Khodary (2011) discussed about the optimum test 
plan on determinant of  the Fisher’s information matrix. The criterion is based on 
maximizing the determinant, which is equivalent to minimizing the generalized 
asymptotic variance of  the ML estimates of  the model parameter and acceleration 
factor. Hence, for obtaining the Fisher’s information matrix, taking the logarithm of  
the joint probability likelihood function (Equation (9)) as

 LogL = dlogβ + dlogα + (d − δ)logλ + logω0 + logω1 − αωd. (19)

Differentiating Equation (19), with respect to corresponding parameters separately, 
we get

 ∂
∂α

LogL = d
α

 − ωd, (20)

 

∂
∂β

LogL = d
β

 + β∑
δ

i = 1
� 1

x(i)�1 + xβ
(i)�

� + β ∑
d

i = δ + 1
� 1

x⃛(i)�1 + x⃛β
(i)�

�

− αβ�
I: ∑

k

i = 1
� 1 + Ri

1 + xβ
(i)
�xβ – 1

(i)  + ∑
m

i = k + 1
� 1 + Ri

1 + x⃛β
(i)
�x⃛β – 1

(i)

II: ∑
l

i = 1
�

1 + Ri

1 + xβ
(i)
�xβ – 1

(i)  + 
R*

1 + tβ tβ − 1 

+ ∑
j

i = l + 1
�

1 + Ri

1 + x⃛β
(i)
�x⃛β – 1

(i)  + 
R*

1 + t⃛β t⃛β − 1

 (21)

and
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∂
∂λ

LogL = d – δ
λ

 + 
d

i = δ + 1
∏ �β(x(i) − ε)

x⃛ –1
(i)

1 + x⃛β
(i)
� 

− α�
I: ∑

m

i = k + 1

(1 + Ri)
�1 + x⃛β

(i)�
βx⃛β – 1

(i)  + (x(i) − ε)

II: ∑
j

i = l + 1

(1 + Ri)
�1 + x⃛β

(i)�
βx⃛β – 1

(i) (x(i) − ε) + 
R*

�1 + t⃛β�βt⃛
β – 1(t − ε)

.
 (22)

Let, α̂Ml be the ML estimator corresponding to the parameter α and is obtained from 
Equation (20) as α̂Ml = d/ωd.

Consequently, by substituting for α̂Ml into Equations (21) and (22), the corresponding 
equations are reduced into two nonlinear equations. Since the solution of  these 
nonlinear equations is very hard to obtain. An iterative procedure is applied by using 
Mathcad 15 statistical package and Newton–Raphson method for simultaneously solving 
the nonlinear equations for obtaining the ML estimates β̂Ml and λ̂Ml corresponding to the 
parameters β and λ, respectively. Now, the Fisher’s information matrix is described as 

 F  = �

− ∂2

∂α2 LogL − ∂2

∂α∂β
LogL ∂2

∂α∂λ
LogL

− ∂2

∂β∂α
LogL − ∂2

∂β2 LogL ∂2

∂β∂λ
LogL

∂2

∂λ∂α
LogL ∂2

∂λ∂β
LogL − ∂2

∂λ2 LogL

� (23)

with their respective components are

 ∂2

∂α2 LogL = − d
α2 ; 
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∂2

∂β2 LogL = − d
β2  + ∑

δ

i = 1
�
�1 + xβ

(i) – β2xβ – 1
(i) �

x(i)�1 + xβ
(i)�

2 � + ∑
d

i = δ + 1
�
�1 + x⃛β

(i) – β2x⃛β – 1
(i) �

x⃛(i)�1 + x⃛β
(i)�

2 �

−α�
I: ∑

k

i = 1
� 1 + Ri

1 + xβ
(i)
�xβ – 1

(i)  + ∑
m

i = k + 1
� 1 + Ri

1 + x⃛β
(i)
�x⃛β – 1

(i)

II: ∑
l

i = 1
� 1 + Ri

1 + xβ
(i)
�xβ – 1

(i)  + R*

1 + tβ
tβ – 1 + ∑

j

i = l + 1
� 1 + Ri

1 + x⃛β
(i)
�x⃛β – 1

(i)  + R*

1 + t⃛β
t⃛β – 1

+ αβ�

I: ∑
k

i = 1

1 + Ri

�1 + xβ
(i)�2 xβ – 2

(i) �xβ
(i) + 1 − β� + ∑

m

i = k + 1

1 + Ri

�1 + x⃛β
(i)�2 x⃛β – 2

(i) �xβ
(i) + 1 − β�

II: ∑
l

i = 1

1 + Ri

�1 + xβ
(i)�2 xβ – 2

(i) �xβ
(i) + 1 − β� + R*

�1 + tβ�2 tβ – 2�tβ + 1 − β� 

+ ∑
j

i = l + 1

1 + Ri

�1 + x⃛β
(i)�

2 x⃛β – 2
(i) �x⃛β

(i) + 1 − β� + R*

�1 + t⃛β�2 t⃛β – 2�t⃛β + 1 − β�

.

 

 

∂2

∂λ2 LogL = −
d – δ
λ2  − 

d

i = δ + 1
∏ �β(x(i) − ε)2 1 + x⃛β

(i) + βx⃛β
(i)

x⃛2
(i)�1 + x⃛β

(i)�
2 �

+ α�
I: ∑

m

i = k + 1

(1 + Ri)
�1 + x⃛β

(i)�
2 βx⃛β – 2

(i) (x(i) − ε)2�1 + x⃛β
(i) − β�

II: ∑
j

i = l + 1

(1 + Ri)
�1 + x⃛β

(i)�
2 βxβ – 2

(i) (x(i) − ε)2�1 + x⃛β
(i) − β� 

− 
R*

�1 + t⃛β�2βt⃛β – 2(t − ε)2�1 + t⃛β − β�

.
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∂2

∂α∂β
LogL = ∂2

∂β∂α
LogL 

= −β�

I: ∑
k

i = 1
� 1 + Ri

1 + xβ
(i)
�xβ – 1

(i)  + ∑
m

i = k + 1
� 1 + Ri

1 + x⃛β
(i)
�x⃛β – 1

(i)

II: ∑
l

i = 1
� 1 + Ri

1 + xβ
(i)
�xβ – 1

(i)  + R*

1 + tβ
tβ – 1 

+ ∑
j

i = l + 1
� 1 + Ri

1 + x⃛β
(i)
�x⃛β – 1

(i)  + R*

1 + t⃛β
t⃛β – 1

.
 

 

∂2

∂α∂λ
LogL = ∂2

∂λ∂α
LogL 

= −β�
I: ∑

m

i = k + 1
(x(i) − ε)� 1 + Ri

1 + x⃛β
(i)
�x⃛β – 1

(i)

II: ∑
j

i = l + 1
(x(i) − ε)� 1 + Ri

1 + x⃛β
(i)
�x⃛β – 1

(i)  + R*

�1 + t⃛β�
t⃛β – 1�t  − ε� 

.

 

∂2

∂β∂λ
LogL = ∂2

∂λ∂β
LogL = −β ∑

d

i = δ + 1
�

1 + (1 + β)x⃛β
(i)

x⃛2
(i)�1 + x⃛β

(i)�
2 ��x  − ε�

−αβ�
I: ∑

m

i = k + 1

1 + Ri

�1 + x⃛β
(i)�

2 �β − 1 − x⃛β
(i)�x⃛β – 2

(i) (x − ε)

II: ∑
j

i = l + 1

1 + Ri

�1 + x⃛β
(i)�

2 �β − 1 − x⃛β
(i)�x⃛β – 2

(i) (x − ε)

+ 
R*

�1 + t⃛β�2�β − 1 −  t⃛β�t⃛β – 2(t − ε)

.
 

The generalized asymptotic variance is the reciprocal of  the determinant of  
the Fisher’s information matrix (Bai, Chung, & Chung, 1993). Hence, the optimum 
value of  ε is chosen such that the determinant of  the Fisher’s information matrix 
is maximized and generalized asymptotic variance is minimized. This criterion is 
called as D-optimality criterion and is applied in present scenario for obtaining the 
optimum stress change time by using Wolfram Mathematica software 10.0.
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6. M-H algorithm and simulation study

In the present section, we studied the properties of  Bayes risks obtained under 
the above scenario, by a simulation study with the help of  an M-H algorithm. 
This algorithm has deliberated by Hastings (1970) and Metropolis, Rosenbluth, 
Rosenbluth, Teller, and Teller (1953) for simulating samples from a given posterior 
distribution by use of  an arbitrary proposal distribution. Mahmoud, El-Sagheer, 
and Nagaty (2017) and Kayal et al. (2017) recently explored more about the M-H 
algorithm. The focus of  the present paper is on a comparison between dif ferent 
censoring schemes under SS-PALT involved in T-IPH censoring by the help of  
Bayes risks. The Bayes risks obtained under squared error and ILLF for different 
Bayes estimators. The values are computed using Monte Carlo simulations on 10,000 
replications by M-H algorithm as described by Kayal et al.

Total number of  test units for numerical study is f ixed at n (= 30). Four 
dif ferent progressive censoring patterns have been assumed in three dif ferent 
censoring stages (10, 15, 20), f or studying behavior of  censored sample size. 
Progressive censoring schemes for these stages are (2, 4, 1, 2, 3, 0, 2, 3, 2, 1), (0, 1, 1, 0, 1, 
2, 3, 0, 2, 0, 2, 1, 0, 1, 1), and (0, 0, 1, 0, 1, 0, 1, 2, 0, 1, 0, 2, 0, 0, 0, 1, 0, 1, 0). For perceiving 
the effect of  censoring pattern when other parametric values are fixed, a different 
censoring pattern (1, 0, 0, 0, 2, 1, 2, 2, 0, 4, 0, 1, 0, 0, 2) for m (= 15) has assumed.

The stress change time ε is optimized by the method of  minimization of  the 
asymptotic variance of  ML estimators for the parameters α, β, and λ as discussed 
in the previous section. The assumed value of  the underlying parameters and the 
acceleration factor for the numerical study are α = β = 0.50(0.10)2.50 = λ. Under 
optimum SS-PALT, we tried to find out the value parameters α, β, and λ for which 
the magnitude of  Bayes risks minimizes numerically when other parametric values 
considered to be f ixed. Hence, we assumed all combinations for these parametric 
assumed values from 0.50 to 2.50 with an increment of  0.10. The failure time and the 
values of  the shape parameter of  ILLF was assumed here respectively as t = 4, 7 and 
c = 0.25, 0.50, 1.00. 

Our focus is not only on combining the SS-PALT with T-IPH. We are also trying 
to study two more special cases of  T-IPH (T-I and PT-II progressive) censoring 
combined with SS-PALT under the Bayesian methodology. The numerical findings 
based on simulated data are presented in Table 1 in terms of  the Bayes risks under 
ILLF and mean squared error for the parameters α, β, and λ respectively under 
above discussed scenario the for selected parametric values. Here, we obtained the 
Bayes risks for α̂l, β̂l, and λ̂l for all possible combinations of  pre-assumed numerical 
values of  α, β, and λ. The Bayes risks have not shown any clear trend, however, they 
minimize at α = 1.20, β = 0.80, and λ = 1.30 when other parametric values considered 
to be fixed. Hence, the numerical findings are presented here only for these three 
combinations α = β = λ = 0.50, α = 1.20, β = 0.80, λ = 1.30, and α = β = λ = 2.50. 

The Bayes risks minimizes in somewhere at mid value of  pre-assumed numerical 
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Table 1. Bayes risks on simulated data.

T-IPH censoring
ILLF MSE

c (t = 4)  c (t = 7) t = 4 t = 7
α̂l m 0.25 0.50 1.00 0.25 0.50 1.00 MSE(α̂s)

α = 0.50
β = 0.50
λ = 0.50

10 0.8358 0.7902 0.8818 0.9391 0.8995 0.9554 1.0320 1.1206
15 0.7501 0.7251 0.7537 0.8504 0.8161 0.8541 0.8847 1.0056
15 0.7445 0.7107 0.7495 0.8463 0.8001 0.8494 0.8787 0.9991
20 0.8882 0.8307 0.8941 0.9886 0.9702 0.9912 1.0478 1.1648

α = 1.20
β = 0.80
λ = 1.30

10 0.7735 0.7313 0.8161 0.8691 0.8325 0.8842 0.9528 1.0349
15 0.6942 0.6711 0.6975 0.7827 0.7553 0.7904 0.8170 0.9289
15 0.6891 0.6577 0.6936 0.7832 0.7405 0.7861 0.8114 0.9228
20 0.8225 0.7688 0.8275 0.9149 0.8979 0.9181 0.9676 1.0767

α = 2.50
β = 2.50
λ = 2.50

10 0.9184 0.8683 0.9689 1.0319 0.9884 1.0498 1.1369 1.2344
15 0.8242 0.7967 0.8282 0.9344 0.8967 0.9385 0.9744 1.1073
15 0.8138 0.7809 0.8235 0.9299 0.8791 0.9333 0.9679 1.1001
20 0.9759 0.9128 0.9824 1.0863 1.0166 1.0915 1.1542 1.2856

β̂l m 0.25 0.50 1.00 0.25 0.50 1.00  MSE(β̂s)

α = 0.50
β = 0.50
λ = 0.50

10 0.9051 0.8521 0.9513 1.0141 0.9724 1.0341 1.1579 1.2612
15 0.8016 0.7575 0.8049 0.9074 0.8699 0.9101 0.9821 1.1134
15 0.8029 0.7666 0.8092 0.9144 0.8655 0.9201 0.9865 1.1251
20 0.9501 0.8885 0.9558 1.0586 1.0356 1.0576 1.1645 1.2916

α = 1.20
β = 0.80
λ = 1.30

10 0.8342 0.7887 0.8807 0.9389 0.9004 0.9576 1.0697 1.1657
15 0.7415 0.7169 0.7445 0.8346 0.8046 0.8417 0.9066 1.0282
15 0.7434 0.7096 0.7649 0.8466 0.8014 0.8521 0.9311 1.0402
20 0.8795 0.8219 0.8842 0.9768 0.9578 0.9749 1.0752 1.1884

α = 2.50
β = 2.50
λ = 2.50

10 0.9899 0.9346 1.0449 1.1139 1.0668 1.1356 1.2747 1.3881
15 0.8853 0.8519 0.8685 0.9977 0.9566 1.0009 1.0615 1.2268
15 0.8774 0.8452 0.8887 1.0043 0.9504 1.0103 1.0858 1.2377
20 1.0443 0.9767 1.0507 1.1661 1.0854 1.1654 1.2831 1.4263

λ̂l m 0.25 0.50 1.00 0.25 0.50 1.00 MSE(λ̂l)

α = 0.50
β = 0.50
λ = 0.50

10 0.9756 0.9185 1.0626 1.0948 1.0508 1.1187 1.2969 1.3671
15 0.8567 0.8098 0.8599 0.9687 0.9277 0.9704 1.0507 1.1887
15 0.8657 0.8267 0.8733 0.9876 0.9358 0.9962 1.0665 1.2209
20 1.0167 0.9506 1.0222 1.1312 1.1059 1.1289 1.2474 1.3806

α = 1.20
β = 0.80
λ = 1.30

10 0.8994 0.8504 0.9502 1.0139 0.9733 1.0365 1.1565 1.2642
15 0.7924 0.7662 0.7795 0.8904 0.8576 0.8969 0.9503 1.0969
15 0.8017 0.7654 0.8256 0.9147 0.8567 0.9423 1.0074 1.1528
20 0.9408 0.8679 0.9451 1.0432 1.0222 1.0544 1.1512 1.2876
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values of  the concerned parameter and showed an increasing trend in risks as the 
numerical values of  the concerned parameter either increases or decreases from 
that point of  mid value. The minimum Bayes risks were noted for m = 15. For 
other values of  m, the Bayes risks rise. Similar trend also has been seen for ILLF 
parameter c, here, the magnitude of  Bayes risks have noted smaller for c = 0.50. The 
smaller Bayes risks magnitude was noted for small t. It has also been noted that, 
the progressive censoring pattern may affect the Bayes risks. In case of  m = 15, the 
censoring pattern I, has smaller risks in magnitude as compared with censoring 
pattern II. Further, the magnitudes of  Bayes risks under mean squared error has 
been noted larger as compared with the magnitude of  Bayes risks under ILLF. For 
Bayes risks on real data set, see Table 2.

Table 3 presents the mean squared error for the ML estimators corresponding 
to the parameters α, β, and λ under the T-IPH censoring. All the behaviors of  the 
parametric space have seen similar as discussed above in the contexts of  the Bayes 
risks. 

T-IPH censoring scheme is the combination of  T-I and PT-II progressive censoring 
approaches. In the present article we also evaluate these two censoring patterns 
separately under above said circumstances. Table 4 presents the numerical findings 
of  the Bayes risks under ILLF of  the Bayes estimators under PT-II censoring for 
all considered parameters respectively. The numerical f indings are reported here 
only for the selected parametric values as discussed above. All the properties and 
behavior have seen to be similar as discussed in the case of  T-IPH censoring scheme. 
The remarkable point is that, the magnitude of  Bayes risks was noted larger for PT-
II progressive when they compared with T-IPH censoring pattern (other parametric 
values assumed to be fixed).

Table 5 presents the numerical findings of  the Bayes risks under ILLF for T-I 
censoring scheme. Total sample size n = 30 and a fixed censoring sample size m = 15 
with pattern I  has been assumed for the Bayes risks of  the concerned parameters 
respectively. The selected time slot for the analysis are t = 0, 4, 7, 10. The numerical 
f indings are reported here only for the selected values as discussed in previous 
paragraphs. All the properties and behaviors have seen similar discussed in the 
case of  T-IPH censoring and PT-II progressive censoring pattern. Again, it has been 

T-IPH censoring
ILLF MSE

c (t = 4)  c (t = 7) t = 4 t = 7

α = 2.50
β = 2.50
λ = 2.50

10 1.0667 1.0073 1.1266 1.2021 1.1522 1.2278 1.3767 1.5032
15 0.9647 0.9112 0.9283 1.0657 1.0521 1.0679 1.1362 1.3105
15 0.9458 0.9112 0.9588 1.0842 1.0272 1.0932 1.1734 1.3412
20 1.1178 1.0454 1.1242 1.2468 1.1594 1.2448 1.3748 1.5254

Note: MSE = mean squared error.

Table 1. Bayes risks on simulated data. (continued)
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Table 2. Bayes risks on real data set.

T-IPH censoring
ILLF MSE

c (t = 4) c (t = 7) t = 4 t = 7
α̂l m 0.25 0.50 1.00 0.25 0.50 1.00 MSE(α̂s)

α = 0.50
β = 0.50
λ = 0.50

10 0.7356 0.6946 0.7772 0.8285 0.7946 0.8452 0.8468 0.9236
15 0.6538 0.6321 0.6564 0.7399 0.7092 0.7452 0.7175 0.8177
15 0.6558 0.6262 0.6461 0.7471 0.7074 0.7522 0.7051 0.8248
20 0.7755 0.7247 0.7796 0.8612 0.8445 0.8623 0.8505 0.9438

α = 1.20
β = 0.80
λ = 1.30

10 0.6813 0.6443 0.7195 0.7672 0.7358 0.7827 0.7817 0.8532
15 0.6047 0.5847 0.6071 0.6805 0.6559 0.6856 0.6618 0.7505
15 0.6072 0.5797 0.6142 0.6918 0.6551 0.6966 0.6692 0.7623
20 0.7173 0.6704 0.7212 0.7965 0.7581 0.7982 0.7846 0.8715

α = 2.50
β = 2.50
λ = 2.50

10 0.8084 0.7645 0.8536 0.9451 0.8726 0.9258 0.9334 1.0145
15 0.7188 0.6949 0.7217 0.8136 0.7799 0.8161 0.7912 0.8977
15 0.7167 0.6878 0.7259 0.8205 0.7767 0.8258 0.7951 0.9078
20 0.8552 0.7968 0.8571 0.9469 0.8851 0.9503 0.9379 1.0431

β̂l m 0.25 0.50 1.00 0.25 0.50 1.00 MSE(β̂s)

α = 0.50
β = 0.50
λ = 0.50

10 0.7936 0.7349 0.8366 0.8923 0.8596 0.9611 0.9138 1.0543
15 0.7011 0.6625 0.7037 0.7923 0.7598 0.7948 0.7709 0.8737
15 0.7059 0.6374 0.7139 0.8048 0.7622 0.8109 0.7815 0.8909
20 0.8324 0.7775 0.8362 0.9257 0.9052 0.9242 0.9143 1.0137

α = 1.20
β = 0.80
λ = 1.30

10 0.7334 0.6934 0.7746 0.8263 0.7929 0.8449 0.8438 0.9232
15 0.6484 0.6269 0.6547 0.7291 0.7025 0.7348 0.7156 0.8063
15 0.6557 0.6324 0.6473 0.7453 0.7059 0.7512 0.7063 0.8236
20 0.7695 0.7319 0.7733 0.8514 0.8277 0.8517 0.8434 0.9319

α = 2.50
β = 2.50
λ = 2.50

10 0.8457 0.8215 0.9187 0.9798 0.9389 1.0091 1.0065 1.1085
15 0.7746 0.7455 0.7596 0.8712 0.8359 0.8744 0.8342 0.9635
15 0.7712 0.7243 0.7866 0.8836 0.8367 0.8901 0.8635 0.9803
20 0.9132 0.8525 0.9195 1.0291 0.9489 1.0188 1.0084 1.1204

 λ̂l m 0.25 0.50 1.00 0.25 0.50 1.00 MSE(λ̂l)

α = 0.50
β = 0.50
λ = 0.50

10 0.8516 0.8085 0.9358 0.9652 0.9274 0.9885 1.0257 1.0852
15 0.7473 0.7064 0.7495 0.8437 0.8072 0.8441 0.8225 0.9293
15 0.7623 0.7258 0.7697 0.8712 0.8264 0.8481 0.8444 0.9329
20 0.8847 0.8398 0.8952 0.9863 0.9635 0.9831 0.9811 1.0802

α = 1.20
β = 0.80
λ = 1.30

10 0.7918 0.7488 0.8371 0.8942 0.8594 0.9164 0.9144 1.0039
15 0.6909 0.6582 0.6749 0.7475 0.7456 0.7795 0.7383 0.8564
15 0.7056 0.6742 0.7278 0.8072 0.7547 0.8337 0.7972 0.9167
20 0.8211 0.7573 0.8244 0.9091 0.8901 0.9178 0.9011 1.0065
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Table 3. MSE for ML estimators.

T-IPH censoring α̂Ml β̂Ml λ̂Ml

n = 30 m ↓ t → 4 7 4 7 4 7
MSE on simulated data

α = 0.50
β = 0.50
λ = 0.50

10 0.9618 1.0214 1.1229 1.1293 1.1115 1.1897
15 0.8402 0.8853 0.8919 1.0022 0.9158 1.0015
15 0.8729 0.9145 0.9242 1.0169 0.9941 1.0217
20 0.9997 1.0536 1.0654 1.1728 1.1245 1.1678

α = 1.20
β = 0.80
λ = 1.30

10 0.8983 0.9498 1.0048 1.0744 1.0336 1.1034
15 0.7855 0.8288 0.8018 0.8872 0.8842 0.9242
15 0.8092 0.8467 0.8741 0.9703 0.9084 1.0045
20 0.9051 0.9775 0.9806 1.0805 1.0572 1.0897

α = 2.50
β = 2.50
λ = 2.50

10 1.0511 1.1112 1.1319 1.2172 1.2214 1.3043
15 0.9476 1.0027 0.9629 1.1104 1.0884 1.1038
15 0.9742 0.9985 1.0139 1.1466 1.0901 1.1629
20 1.0813 1.1634 1.1485 1.2942 1.2012 1.2894

MSE on real data

α = 0.50
β = 0.50
λ = 0.50

10 0.8109 0.8561 0.9471 0.9536 0.9394 1.0067
15 0.7018 0.7398 0.7447 0.8356 0.7628 0.8343
15 0.7362 0.7711 0.7801 0.8591 0.8407 0.8655
20 0.8358 0.8813 0.8904 0.9794 0.9382 0.9574

α = 1.20
β = 0.80
λ = 1.30

10 0.7576 0.8008 0.8478 0.9074 0.8739 0.9341
15 0.6558 0.6924 0.6689 0.7394 0.7362 0.7693
15 0.6827 0.7141 0.7538 0.8552 0.7687 0.8551
20 0.7563 0.8174 0.8192 0.9018 0.8817 0.9084

α = 2.50
β = 2.50
λ = 2.50

10 0.8859 0.9364 0.9546 1.0275 1.0318 1.1503
15 0.7592 0.8386 0.8044 0.9257 0.9079 0.9203
15 0.8213 0.8417 0.8554 0.9681 0.9214 0.9841
20 0.9044 0.9736 0.9603 1.0814 1.0027 1.0763

T-IPH censoring
ILLF MSE

c (t = 4) c (t = 7) t = 4 t = 7

α = 2.50
β = 2.50
λ = 2.50

10 0.9317 0.8815 0.9492 1.0594 1.0164 1.0843 1.0409 1.1934
15 0.8421 0.7954 0.8096 0.9288 0.9163 0.9296 0.8903 1.0257
15 0.8325 0.8122 0.8447 0.9546 0.9067 0.9661 0.9291 1.0661
20 0.9765 0.9131 0.9815 1.0878 1.0105 1.0848 1.0784 1.1949

Table 2. Bayes risks on real data set. (continued)
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Table 4. Bayes risks under progressive censoring scheme.

Bayes 
estimator n = 30 m ↓ c →

Simulated data Real data
0.25 0.50 1.00 0.25 0.50 1.00

α̂l

α = 0.50
β = 0.50
λ = 0.50

10 1.0252 0.9694 1.0823 1.1536 1.1036 1.1761
15 0.9128 0.8824 0.9166 1.0334 0.9908 1.0366
15 0.9135 0.8722 0.9205 1.0401 0.9844 1.0465
20 1.0817 1.0116 1.0883 1.2024 1.1793 1.2043

α = 1.20
β = 0.80
λ = 1.30

10 0.9489 0.8974 1.0019 1.0681 1.0241 1.0839
15 0.8443 0.8164 0.8478 0.9506 0.9164 0.9587
15 0.8457 0.8073 0.8521 0.9629 0.9115 0.9689
20 1.0014 0.9358 1.0068 1.1122 1.0909 1.1149

α = 2.50
β = 2.50
λ = 2.50

10 1.1262 1.0115 1.1888 1.2671 1.2148 1.2916
15 1.0034 0.9117 1.0077 1.1361 1.0894 1.1399
15 0.9982 0.9518 1.0121 1.1424 1.0811 1.1491
20 1.1819 1.1212 1.1963 1.3232 1.2336 1.3237

β̂l

α = 0.50
β = 0.50
λ = 0.50

10 0.9756 0.9185 1.0226 1.0948 1.0508 1.1187
15 0.8527 0.8098 0.8599 0.9687 0.9277 0.9704
15 0.8657 0.8267 0.8733 0.9876 0.9358 0.9962
20 1.0167 0.9506 1.0222 1.1312 1.1059 1.1289

α = 1.20
β = 0.80
λ = 1.30

10 0.8994 0.8504 0.9502 1.0139 0.9733 1.0365
15 0.7924 0.7662 0.7295 0.8904 0.8576 0.8969
15 0.8017 0.7654 0.8256 0.9147 0.8367 0.9323
20 0.9408 0.8729 0.9451 1.0432 1.0222 1.0334

α = 2.50
β = 2.50
λ = 2.50

10 1.0667 1.0073 1.1266 1.2021 1.1522 1.2278
15 0.9247 0.9112 0.9283 1.0657 1.0321 1.0679
15 0.9458 0.9112 0.9588 1.0842 1.0272 1.0932
20 1.1178 1.0454 1.1242 1.2468 1.1594 1.2448

λ̂l

α = 0.50
β = 0.50
λ = 0.50

10 1.0914 1.0277 1.1895 1.2273 1.1796 1.2577
15 0.9476 0.8957 0.9502 1.0693 1.0227 1.0694
15 0.9688 0.9254 0.9786 1.1078 1.0513 1.1211
20 1.1259 1.0526 1.1311 1.2504 1.2214 1.2459

α = 1.20
β = 0.80
λ = 1.30

10 1.0065 0.9518 1.0643 1.1372 1.0931 1.1661
15 0.8476 0.8447 0.8606 0.9821 0.9446 0.9875
15 0.8975 0.8571 0.9255 1.0266 0.9632 1.0611
20 1.0413 0.9604 1.0453 1.1524 1.1281 1.1463
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Table 5. Bayes risks under T-I censoring scheme.

Bayes 
estimator

n = 30
m = 15 (I ) t ↓ c →

Simulated data Real data
0.25 0.50 1.00 0.25 0.50 1.00

α̂l 

α = 0.50
β = 0.50
λ = 0.50

  0 0.9128 0.8824 0.9166 1.0334 0.9908 1.0366
  4 0.7501 0.7251 0.7537 0.6538 0.6321 0.6564
  7 0.8504 0.8161 0.8541 0.7399 0.7092 0.7452
10 0.8713 0.8667 0.8787 0.7572 0.7262 0.7626

α = 1.20
β = 0.80
λ = 1.30

  0 0.8443 0.8164 0.8478 0.9506 0.9164 0.9587
  4 0.6942 0.6711 0.6975 0.6047 0.5847 0.6071
  7 0.7827 0.7553 0.7904 0.6805 0.6559 0.6856
10 0.8101 0.7987 0.8239 0.6902 0.6724 0.7124

α = 2.50
β = 2.50
λ = 2.50

  0 1.0034 0.9117 1.0077 1.1361 1.0894 1.1399
  4 0.8242 0.7967 0.8282 0.7188 0.6949 0.7217
  7 0.9344 0.8967 0.9385 0.8136 0.7799 0.8161
10 0.9657 0.9476 0.9701 0.8316 0.7976 0.8342

β̂l

α = 0.50
β = 0.50
λ = 0.50

  0 0.8527 0.8098 0.8599 0.9687 0.9277 0.9704
  4 0.8016 0.7575 0.8049 0.7011 0.6625 0.7037
  7 0.9074 0.8699 0.9101 0.7923 0.7598 0.7948
10 0.9254 0.8875 0.9281 0.8192 0.7765 0.8118

α = 1.20
β = 0.80
λ = 1.30

  0 0.7924 0.7662 0.7295 0.8904 0.8576 0.8969
  4 0.7415 0.7169 0.7445 0.6484 0.6269 0.6547
  7 0.8346 0.8046 0.8417 0.7291 0.7025 0.7348
10 0.8519 0.8197 0.8591 0.7455 0.7287 0.7499

α = 2.50
β = 2.50
λ = 2.50

  0 0.9247 0.9112 0.9283 1.0657 1.0321 1.0679
  4 0.8853 0.8519 0.8685 0.7746 0.7455 0.7596
  7 0.9977 0.9566 1.0009 0.8712 0.8359 0.8744
10 1.0364 0.9625 1.0197 0.8818 0.8532 0.8921

Bayes 
estimator n = 30 m ↓ c →

Simulated data Real data
0.25 0.50 1.00 0.25 0.50 1.00

α = 2.50
β = 2.50
λ = 2.50

10 1.1928 1.1267 1.2608 1.3468 1.2925 1.3793
15 1.0648 1.0087 1.0265 1.1774 1.1613 1.1478
15 1.0581 1.0195 1.0738 1.2154 1.1532 1.2292
20 1.2386 1.1583 1.2449 1.3793 1.2481 1.3751

Table 4. Bayes risks under progressive censoring scheme. (continued)
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observed that, the magnitude of  the Bayes risks was noted larger as compared 
with T-IPH censoring pattern when other parametric values assumed to be fixed. 
However, there has not seen any clear trend in Bayes risks under T-I and PT-II 
patterns.

7. Numerical illustration

The present dataset (Box & Cox, 1964) represents the survival time of  animals 
observed due to different dosage of  poison administered. The observations are listed 
as: 0.18, 0.21, 0.22, 0.22, 0.23, 0.23, 0.23, 0.24, 0.25, 0.29, 0.29, 0.30, 0.30, 0.31, 0.31, 0.31, 0.33, 
0.35, 0.36, 0.36, 0.37, 0.38, 0.38, 0.40, 0.40, 0.43, 0.43, 0.44, 0.45, 0.45, 0.45, 0.46, 0.49, 0.56, 
0.61, 0.62, 0.63, 0.66, 0.71, 0.71, 0.72, 0.76, 0.82, 0.88, 0.92, 1.02, 1.10, 1.24.

Kolmogorov–Smirnov (KS) test (test statistic value = 0.1440 with p = 0.2724) was 
obtained by Kayal et al. (2017). Based on this result, the Burr type-XII distribution 
affords a satisfactory fit to this data set. For numerical illustration, we considered 
a set of  30 (= n) randomly selected data from a given dataset for simplicity in 
comparison. Similar censored sample size with similar censoring pattern has 
been used for numerical illustration for all above pre-assumed parametric values. 
The Bayes risks under ILLF and squared error loss for all the parameters have 
obtained and presented in Table 2. All the properties and trends have seen similar 
as discussed above in the case of  simulated data. The remarkable point is that, the 
larger Bayes risks have noticed for simulated data set when they compared with the 
corresponding real dataset under T-IPH censoring. 

The MSE of  the ML estimators and Bayes risks under PT-II progressive 

Bayes 
estimator

n = 30
m = 15 (I ) t ↓ c →

Simulated data Real data
0.25 0.50 1.00 0.25 0.50 1.00

λ̂l

α = 0.50
β = 0.50
λ = 0.50

  0 0.9476 0.8957 0.9502 1.0693 1.0227 1.0694
  4 0.8567 0.8098 0.8599 0.7473 0.7064 0.7495
  7 0.9687 0.9277 0.9704 0.8437 0.8072 0.8441
10 0.9783 0.9309 0.9801 0.8592 0.8252 0.8724

α = 1.20
β = 0.80
λ = 1.30

  0 0.8476 0.8447 0.8606 0.9821 0.9446 0.9875
  4 0.7924 0.7662 0.7795 0.6909 0.6582 0.6749
  7 0.8904 0.8576 0.8969 0.7475 0.7456 0.7795
10 0.9092 0.8761 0.9158 0.7599 0.7599 0.7829

α = 2.50
β = 2.50
λ = 2.50

  0 1.0648 1.0087 1.0265 1.1774 1.1613 1.1478
  4 0.9647 0.9112 0.9283 0.8421 0.7954 0.8096
  7 1.0657 1.0521 1.0679 0.9288 0.9163 0.9296
10 1.0762 1.0625 1.0884 0.9438 0.9353 0.9488

Table 5. Bayes risks under T-I censoring scheme. (continued)
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censoring and T-I censoring patterns for all Bayes estimators under ILLF are 
presented in Tables 3–5 respectively. All the properties have seen similar as 
discussed in the simulated data section. The magnitude of  the Bayes risks has 
noticed larger for the real dataset in PT-II censoring criterion. In T-I censoring 
criterion no any clear trend has seen between risk magnitudes over real and 
simulated data. 

8. Summery

No any literature has noticed in studying the properties of  the Bayes risks 
under the ILLF by using SS-PALT and T-IPH censoring. Therefore, the present 
article motivated f rom that. In the present article, we focused not only f or 
combining the SS-PALT and T-IPH censoring. We are also trying to develop the 
scenario for combining SS-PALT with T-I or with PT-II censoring pattern and study 
the properties of  the Bayes risks under considered risk pattern. Based on several 
combinations of  the parametric values, the minimum Bayes risks was observed in 
T-IPH censoring when they compared either PT-II censoring or T-I censoring pattern. 
Other valuable findings has already been provided in numerical analysis section.
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ABSTRACT
The purpose of  this study is to investigate ability grouping in eighth-grade Math classes, 
including the conditions of  implementing such instruction in Taiwan and its effectiveness. 
This study utilizes the Taiwan Assessment of  Student Achievement (TASA) 2016 database 
to analyze the state of  ability grouping in Taiwan. After eliminating data from unclear 
responses, this study analyzed data from a total of  8,805 students and 269 schools. The results 
of  this study show that 15.82% of  students received ability grouping mathematics instruction 
with groups separated according to ability; 37.62% of  these were from schools using between-
class grouping and 62.38% were from schools with ability grouping and within-class grouping. 
Among ability grouping for within-class grouping, 91.14% of  students were in heterogeneous 
groups, while 8.86% were in homogenous groups. Mathematics performance did not vary 
signif icantly, regardless of  whether ability grouping was implemented. Among students 
receiving ability grouping, for both within-class and between-class ability grouping, neither 
group of  students exhibited significantly different mathematical ability. Furthermore, among 
students receiving within-class ability grouping, the mathematical abilities of  students in 
homogenous groups were significantly better than those of  students from heterogeneous 
groups.

Keywords: ability grouping; heterogeneous grouping; homogenous grouping

1. Introduction

In order to improve the implementation of  Taiwan’s 12-year basic education 
system, Taiwan’s Ministry of  Education (MOE) has actively executed several 
education revitalization strategies, such as ef fective teaching, dif ferentiated 
instruction, remedial instruction, diverse assessment, and f lipped classroom 
strategies. These strategies aim to change Taiwan’s long-standing traditional 
teaching patterns of  teachers lecturing while students passively listen; the goal is 
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to transform these traditional patterns into a “student-centered” mode of  teaching, 
allowing students to actively participate in learning. Herein, dif ferentiated 
instruction is aimed at providing a teaching mode with diverse learning guidance 
plans for individual classes wherein students have dif ferent educational levels, 
learning needs, learning methods, and learning interests (Hall, Vue, Strangman, & 
Meyer, 2014; Subban, 2006; Tomlinson et al., 2003). 

However, if  there are many students in a class, then the challenge of  adaptive or 
differentiated teaching becomes greater; here, ability grouping serves as one type of  
method that aids in the implementation of  differentiated instruction. Since Taiwan’s 
MOE introduced “Regulations for Ordinary Class Distribution and Ability Grouping 
in National Elementary and Junior High Schools” in 2009, it has stipulated that 
“in the eighth grade, students must complete English and Mathematics courses, in 
which ability grouping shall be implemented” (Minister of  Education, 2009). After 
enacting this regulation, ability grouping could be implemented using a between-
class grouping method, where students move from classroom to classroom to attend 
class with students of  similar abilities, allowing teachers to more easily provide 
suitable teaching material to similar students. In addition, ability grouping can be 
implemented through the use of  within-class grouping. There are many methods of  
ability grouping, common among which is within-class grouping; these can be further 
divided into homogeneous and heterogeneous grouping. In homogeneous grouping, 
students are placed in groups of  similar ability according to their intelligence or 
grades, reducing the variation between the abilities of  students in the same group 
(class), and maintaining a certain degree of  homogeneity that makes instruction 
more convenient. The thinking behind this method varies significantly from that 
related to heterogeneous grouping. In heterogeneous grouping, students of  different 
abilities are placed in the same group, such that each group has both students of  a 
very good ability level and students at poor levels, like a microcosm of  society, where 
there are individuals of  all types sharing a classroom, where concepts and labels of  
hierarchy are abandoned, and students can cooperate and learn together.

“Within-class ability grouping” requires that teachers use ref ined class-
management skills to create a learning environment in which students are willing 
to explore; it also necessitates that teachers design teaching materials that are 
interesting to students at each level. Kulik and Kulik (1982) argue that in order for 
within-class ability grouping to succeed, teachers must have different strategies, and 
should confirm that the students in each group are appropriately placed, and that 
each student has classwork that is suitable for them. 

Furthermore, with regard to the link between student performance and grouping 
methods, Huang (2005) notes that both students and teachers recommend grouping 
according to ability. In addition to allowing students to receive appropriate learning 
material, and preventing students from wasting time on re-learning materials that 
they have previously mastered, because of  the similarity of  students’ ability levels, 
teachers are better able to adjust class materials according to student ability levels. 
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It is also necessary to note that the ability grouping method can reduce problems 
related to disparity between student abilities. However, the goal of  this type of  
ability grouping is not to assess the level of  student abilities, but rather to allow 
students to utilize the most appropriate learning methods. As such, after grouping 
has been conducted, teachers should adjust their instruction methods, assessment 
methods, and their teaching speed in order to achieve desired outcomes (Hall et al., 
2003/2014).

Research on ability grouping and achievement showed mixed results. Study 
by Fuchs, Fuchs, Hamlett, and Karns (1998) indicated that homogeneous grouping 
presented a great benefit to middle and high ability students. Cheng, Lam, and Chan 
(2008) also suggested that homogeneous groups favored higher achievers, whereas 
heterogeneous grouping was more beneficial to low achievers. However, the findings 
in Linchevski and Kutscher’s (1998) research showed that placement of  students in 
homogeneous class and heterogeneous class did not affect their achievements.

This study utilizes the Taiwan Assessment of  Student Achievement (TASA) 
2016 in order to examine the conditions of  implementation and efficacy of  ability 
grouping in Taiwan; the questions we try to answer are as follows:
(1) What is the rate of  implementation of  ability grouping for eighth-grade 

Mathematics in Taiwan?
(2) Is there significant variation between the mathematics performances of  students 

who have and have not participated in ability grouping?
(3) Among students who participate in ability grouping, is there significant variation 

between the mathematics abilities of  students who participate in between-class 
grouping and those that participate in within-class grouping?

(4) Among students who participate in within-class grouping, is there significant 
variation between the mathematics abilities of  students who participate in 
heterogeneous grouping and those that participate in homogenous grouping?

(5) What is the distribution of  urbanization levels of  students who have and have 
not participated in ability grouping?

2. Research design and data analyses

2.1 Data

This study utilizes TASA 2016 data. In 2016, a large-scale survey of  Taiwanese 
eighth-grade students was conducted; the sample population for this survey was 
eighth-grade students in the Taiwan region, and the sampling design adopted a 
two-stage stratified cluster analysis in which schools were sampled first, and then 
individual classes were sampled. The primary sampling unit for this survey was 
the school, while the secondary sampling unit was the class. There were four strata 
for the primary sampling stage, divided according to administrative region: north, 
central, south, and east/offshore islands. Here, a systematic probability proportional 
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to size (PPS) sampling method was used to sample schools. In the secondary 
sampling stage, a simple random sampling method was used to select classes from 
sampled schools. In principle, one class would be sampled from each school; if  one 
school was drawn twice, then two classes would be sampled from that school. After 
a class was chosen as a part of  the sample, the entire class would be tested. Test 
subjects included Chinese, Mathematics, Sciences, and Social Studies. Each student 
was randomly administered tests on two subjects, after which they completed a 
questionnaire (Hsiao et al., 2017).

School principals also completed questionnaires, and in 2016 a total of  10,182 
people, 304 schools, and 333 classes were sampled, yielding a valid sample of  9,955 
people, 304 schools, and 333 classes. This study has retained the information from 
schools and students who responded completely to relevant questions, and has 
eliminated data from schools with conflicting responses. As such, we are left with 
8,805 students and 269 schools.

2.2 Ability grouping questions

In this study, questions related to ability grouping were taken from the TASA 
school questionnaires. Questions were asked in the following manner: After the 
school principal understood which classes from their school were sampled, and 
understood the primary class attendance method used for mathematics classes, they 
responded to relevant questions. It is also necessary to note that in order for ability 
grouping to be considered as having been implemented, ability grouping must have 
been implemented for at least one half  of  the instructional units. This may not be 
consistent with ordinary expectations.

The questions are as follows:
The “primary” class attendance method for Mathematics class in this semester 

for the class surveyed in this TASA:
Question 1. Between-class ability grouping is conducted according to students’ 
mathematics abilities: a. Yes. b. No.
Question 2. “Within-class grouping” is implemented for ability grouping within 
classes (all students remain in their original classroom for class): a. Yes (Ability 
grouping is implemented for at least one half  of  instructional units this semester). b. 
No.
Question 3. With regard to Question 2, the method of  implementation of  ability 
grouping within classes using “within-class grouping” is: a. Heterogeneous grouping. b. 
Homogeneous grouping. c. Within-class grouping ability grouping is not implemented.

If  the school’s responses to these questions were contradictory, we eliminated 
them from our sample. For example, if  the response to Question 1 was that between-
class ability grouping was implemented, but the response to Question 2 was that 
within-class grouping was used for ability grouping, then schools who provided 
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such contradictory responses, or students who did not complete the questionnaire, 
were not included in this study’s analysis and were eliminated from our sample. 
We eliminated 1,150 students and 35 schools. This study also compares distribution 
from datasets before and after eliminating the above-mentioned groups; as the 
distributions for both are extremely similar.

2.3 Mathematics ability questions

The aim of  TASA is to examine the dif ferences in the learning success and 
performances of  students before and af ter the implementation of  Grade 1–9 
Curriculum, and to understand the effectiveness of  the development of  a national 
curriculum. Competence indicators were formulated according to learning stage. We 
then used the stage ability indicators to deduce a more detailed interpretation of  
annual learning targets, in order to clearly understand the scheduling objectives of  
advanced instructional methods by year. As such, when designing the assessment 
framework for ability, TASA consulted the competence indicators for the curriculum 
goals stipulated in Grade 1–9 Curriculum as an assessment benchmark. The basic 
mathematics skills of  eighth graders was assessed primarily using a multiple-choice 
(one correct response out of  four) assessment test. The two-way specification table 
for this test includes a content dimension and a cognitive process dimension. The 
mathematics content dimension includes the following: numbers and quantities, 
geometry, statistics and probability, and algebra. The cognitive process dimension 
includes the following: conceptual understanding, procedure execution, and problem 
solving. The two-way specif ication table is shown in Table 1. In this table, there 
are 182 questions and 13 blocks arranged into 13 booklets according to the balanced 
incomplete block (BIB) method. The Cronbach’s alpha for the reliability of  the 13 
booklets are between 0.78–0.85, and the overall reliability is 0.78.

Table 1. TASA 2016 Mathematics class assessment framework.

Topic

Cognitive process dimension

Total
Conceptual 

understanding
Procedure 
execution

Problem 
solving

C NC C NC C NC C NC
Numbers and quantities 8 0 5 1 7 2 20 3
Geometry 8 1 4 1 5 1 17 3
Statistics and probability 1 0 4 2 5 0 10 2
Algebra 8 0 11 1 12 4 31 5
Total 25 1 24 5 29 7 78 13

Note: C = multiple-choice question; NC = non-multiple choice question.
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2.4 Distinguishing between degrees of  urbanization

Using a study by Hou, Tu, Liao, Hung, and Chang (2008) that addresses research 
classif ications of  Taiwan’s rural and urban areas, we distinguished between the 
locations of  surveyed schools according to the following seven groups: metropolitan 
areas, commercial and industrial districts, emerging towns, traditional industrial 
towns, underdeveloped towns, towns with ageing populations, and remote towns. 
We f urther consulted the design employed by the Trends in International 
Mathematics and Science Study (TIMSS), and combined traditional industrial towns, 
underdeveloped towns, towns with aging populations, and remote towns into a single 
group, resulting in the following four groups: metropolitan areas, commercial and 
industrial districts, emerging towns, and rural towns. This study aims to illuminate 
the locations of  schools whose students have and have not participated in ability 
grouping, as well as the distribution of  these schools in terms of  urbanization level.

2.5 Data analysis

TASA data released 10 plausible values (PVs) to represent mathematics ability. 
These 10 PVs are randomly chosen f rom the posterior distribution of  student 
abilities. We can think of  this method in the following manner: If  we tested the 
mathematical ability of  students 10 times, these 10 PVs would represent the 10 
ability values, such that the PVs could be used to calculate the measurement 
error. Furthermore, considering TASA’s complex sampling method, if  we view 
this method as a simple random selection, standard error will be underestimated. 
When conducting statistical testing on hypotheses, it is easy to achieve statistical 
signif icance; however, if  the weights of  each sample are not considered during 
analysis, estimations will be biased. To counter this, we used the total weights 
proposed by TASA 2016 for our weightings, and further utilized jackknife replicate 
weights to conduct analyses. Finally, this study utilized the “survey” package in R 
software to conduct data processing under complex sampling, and utilized the 10 PVs 
to represent ability values, while also considering sampling error and measurement 
error in order to accurately estimate standard error (Wu, Tam, & Jen, 2016). 

After consulting the Programme for International Student Assessment (PISA) 
method, our f inal calculation of  standard error combines sampling error and 
measurement error; the complex sampling formula is as follows:

 BM  = 1
M  − 1

∑
M

i = 1
(θi − θ)2. (1)
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BM  represents the variance of  M  sample statistics; here, this is the variance of  
the mean of  the 10 PVs, and can be thought of  as representing measurement error.

 V  = U  + (1 + 1
M )BM. (2)

U  represents the variance f rom sampling; here, this is the average of  the 
variances of  the 10 PVs. V  is the final standard error.

3. Results

3.1 Mathematics performance for students participating in different 
methods of  ability grouping 

We conducted cross analysis for the conditions of  mathematics ability grouping, 
as well as mathematics learning performance, as f illed out by school principals 
in the school questionnaires. Because some schools did not submit information on 
the conditions of  mathematics ability grouping, our discussion only considers data 
from 8,805 fully completed questionnaires. We can see from Table 2 that 84.18% 
of  students (7,412 students) had not participated in ability grouping, and 15.82% 
(1,393 students) had participated in mathematics ability grouping. Among those 
individuals who had participated in mathematics ability grouping, 37.62% had 
participated in between-class grouping (524 people), while 62.38% had participated in 
ability grouping with within-class grouping (869 people). With regard to the ability 
grouping for within-class grouping, 91.14% participated in heterogeneous grouping 
(792 people), while 8.86% participated in homogeneous grouping (77 people). 

Next, the study further compares the mathematics performances of  students 
in each group. For students who had not participated in ability grouping, the 

Table 2. Mathematics performance for students in different methods of ability grouping.

Group n Weighted n M  (SD) 95% CI
No ability grouping 7,412 7,348 499.91 (99.82) (497.50, 502.32)
Ability grouping 1,393 1,455 492.68 (98.61) (487.27, 498.09)

Between-class Grouping 524 459 490.45 (99.87) (484.16, 496.74)
Within-class grouping 869 996 493.71 (99.62) (486.11, 501.31)

Heterogeneous grouping 792 933 491.99 (98.10) (484.09, 499.88)
Homogenous grouping 77 62 519.41 (94.36) (511.64, 527.18)

Note: Computation of  the standard error value has already been weighted.
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mean score of  mathematics ability is 499.91 (SD = 99.82); for students who had 
participated in ability grouping, the mean score of  mathematics ability is 492.68 
(SD = 98.61). For students who had and had not participated in ability grouping, 
there was no signif icant variation in mathematics performance (there was no 
overlap in the confidence intervals for either group). Among students who had 
participated in ability grouping, the mean score of  mathematics ability for students 
who participated in between-class grouping is 490.45 (SD = 99.87), and the mean 
score of  mathematics ability for students who participated in within-class grouping 
is 493.71 (SD = 99.62). After comparing both groups, we can see that among students 
who received ability grouping; for both within-class and between-class grouping, 
there was no signif icant variation in the mathematics abilities of  either group. 
Furthermore, among students who participated in within-class grouping, the mean 
score of  mathematics ability for students in heterogeneous groups is 491.99 (SD = 
98.10), while the mean score of  mathematics ability for students in homogeneous 
groups is 519.41 (SD = 94.36). After comparing the two groups, we see that the 
mathematics ability of  students in homogeneous groups is significantly better than 
that of  students in heterogeneous groups. However, it should be noted that because 
of  the small number of  this type of  student, the error is relatively large; because 
TASA 2016 employs a cross-sectional research design, this result may be due to the 
fact that students receiving ability grouping in homogeneous groups started out 
with superior mathematics performance. This phenomenon should be further studied 
in order to confirm the reasons for this result.

3.2 Distribution of  students who have and have not participated in 
ability grouping

Table 3 presents the student sample for TASA 2016, along with the subgroups 
for students who have and have not participated in ability grouping. With regard to 
the distribution characteristics for the four types of  urbanization levels, about 25% 
of  the sample for TASA 2016 was distributed evenly across the following three types 
of  urbanization levels: metropolitan areas, commercial and industrial districts, and 

Table 3. Distribution characteristics of  schools of  students who have and have not 
participated in ability grouping.

Urbanization level Sample Ability grouping No ability grouping
Metropolitan area 1,975 (22.43%) 112 (8.04%) 1,863 (25.13%)
Commercial and industrial districts 2,747 (31.20%) 383 (27.49%) 2,364 (31.89%)
Emerging towns 2,590 (29.42%) 613 (44.01%) 1,977 (26.67%)
Rural towns 1,493 (16.96%) 285 (20.46%) 1,208 (16.30%)
Total 8,805 (100.00%) 1,393 (100.00%) 7,412 (100.00%)
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emerging towns. A relatively smaller portion of  the sample was distributed in rural 
towns. The urbanization level distribution characteristics for students who had not 
participated in ability grouping were similar to the sample distribution. Among 
students who had participated in ability grouping, relatively few were located in 
metropolitan areas, at only 8.04% (112 students), while 44.01% (613 students) were 
located in emerging towns, indicating that most students who had participated 
in ability grouping were concentrated in emerging towns, while few were in 
metropolitan areas. This is distinct from the distribution for students who had not 
participated in ability grouping. 

4. Discussion 

When Taiwan’s MOE introduced “Regulations for Ordinary Class Distribution 
and Ability grouping in National Elementary and Junior High Schools” in 2009, it 
stipulated that “in eighth grade, students must complete English and Mathematics 
courses, in which ability grouping shall be implemented” (Minister of  Education, 2009). 
However, very few studies have explored the ability grouping issue in mathematics 
classes for Taiwanese eighth-grade students. As such, this study utilizes TASA 2016 
data, and aims to understand the conditions of  ability grouping implementation 
for eighth-grade students in Taiwan. It further hopes to determine whether there 
is variation in mathematics performance among students who have participated 
in different forms of  ability grouping. We can see from our results that 15.82% of  
Taiwanese eighth graders have received mathematics ability grouping. Among these 
students, most are located in emerging towns, and those located in metropolitan areas 
are relatively few in number. Furthermore, among students who have received ability 
grouping, 37.62% participated in between-class grouping, while 62.38% participated 
in within-class grouping. With regard to the characteristics of  within-class ability 
grouping, 91.14% of  students were in heterogeneous groups, while 8.86% were in 
homogeneous groups; the difference between the student performances of  the grouping 
methods is statically significant, with students in homogeneous groups performing 
better than students in heterogeneous groups. Below, we discuss our research results.

4.1 The low implementation rate of  ability grouping

The proportion of  implementation of  mathematics ability grouping among 
Taiwanese eighth graders is about 15.82%; relatively few of  these students are 
located in metropolitan areas, and are generally concentrated in emerging towns, 
indicating that in competitive urban schools, ability grouping is relatively 
uncommon. In educational institutions, when ability grouping is conducted, more 
time is allocated to student discussions, and students have more opportunities to 
express themselves. Although students receive many benefits, this method often 
impedes teaching schedule, and may increase pressure on teachers in exam-oriented 
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urban schools. As such, these teachers may feel rushed, with not enough time 
allocated for exams, causing them to think that there is insufficient time to conduct 
ability grouping. In addition, it appears that schools in emerging towns are more 
willing to conduct ability grouping. We can posit that this may be because this 
type of  school is more willing to experiment. By comparison, however, a National 
Assessment of  Educational Progress (NAEP) survey shows that since 1998, the use of  
ability grouping in the United States has increased, and its implementation is much 
higher than in Taiwan (Stinnett, 2013). We believe that this is not coincidental, and 
reflects the perception that Asian education is relatively passive, and seldom allows 
students the opportunity to engage in discussion.

Furthermore, if  we consider the instructional habits of  Taiwanese teachers, the 
Taiwanese data from PISA 2015 shows that for non-science teachers, about half  
of  teachers assign students to small groups to conduct small assignments (such as 
spending ten minutes to complete a practice question). However, more than half  of  
teachers do not ask students to participate in relatively long-term group projects (such 
as writing a report or inventing something), and about 40% of  teachers do not ask 
students to jointly prepare reports (She & Lin, 2017). In view of  the teaching habits 
of  non-science teachers, we can see that at the levels of  ninth and tenth grades, 
Taiwanese teachers seldom lead students in small-group cooperation, and tend not 
to assign many small-group assignments. This allows us to posit that in Taiwan, the 
willingness to conduct ability grouping mathematics instruction can be improved. 

4.2 No significant variation among the performances of  students who 
have and have not participated in ability grouping

The results of  this study show that, for students who have and have not 
participated in ability grouping, there is no significant difference in performance. 
However, it is necessary to note that because of  the small number of  students who 
have participated in ability grouping, the error for this statistic is relatively large, 
and we suggest caution when interpreting this result. With regard to the confidence 
intervals, there is very little overlap between the two groups, and it is not clear 
whether this is caused by error or if  there is in fact no variation. Furthermore, 
in places of  learning, some teachers have found that in some classes that have 
relatively low academic pressure, teachers may use ability grouping in order to 
improve students’ motivation; although the rate of  teaching schedule using this 
method is slow, students can learn by doing. 

4.3 No significant difference in mathematics ability among between-
class grouping and within-class grouping students 

Among students who have participated in ability grouping, there is no significant 
difference in the mathematics abilities of  students participating in between-class 
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grouping and those participating in within-class grouping. Internationally, between-
class grouping is commonly used, but in Taiwan, within-class grouping is more 
common, and mathematics classes rarely utilize between-class grouping. From the 
results of  this study, it appears that the use of  between-class grouping is not strongly 
correlated with learning performance.

4.4 Heterogeneous grouping and homogeneous grouping

This study shows that the performance of  students in homogeneous groups 
is superior to that of  students in heterogeneous groups. However, it is necessary 
to clarify that because TASA 2016 is a cross-sectional study, it can only indicate 
that students in one type of  group perform better than students in the other type. 
However, the data does not allow us to determine whether this is because this type 
of  ability grouping method allows students to perform better, or because students 
started out with better abilities, causing teachers to use homogeneous groups. This 
question must be further clarified in future research. During homogeneous grouping, 
if  the variation between the groups is very large and teachers give the same 
assignment to each group, high-ability groups will finish quickly while low-ability 
groups may struggle. However, if  teachers assign suitable tasks to different groups, 
differentiated instruction and learning outcomes can be achieved, and students may 
learn more easily.
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